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Generalized coherent states and the diagonal representation for operators


N. Mukundaa)


Centre for Theoretical Studies, Indian Institute of Science, Bangalore 560 012, India
 and Jawaharlal Nehru Centre for Advanced Scientific Research,


Jakkur, Bangalore 560 064, India


Arvindb)


Department of Physics, Guru Nanak Dev University, Amritsar 143005, India
 S. Chaturvedic)


School of Physics, University of Hyderabad, Hyderabad 500 046, India
 R. Simond)


The Institute of Mathematical Sciences, C. I. T. Campus, Chennai 600 113, India


We consider the problem of existence of the diagonal representation for operators
 in the space of a family of generalized coherent states associated with a unitary
 irreducible representation of a共compact兲 Lie group. We show that necessary and
 sufficient conditions for the possibility of such a representation can be obtained by
 combining Clebsch–Gordan theory and the reciprocity theorem associated with
 induced unitary group representations. Applications to several examples involving
 SU共2兲, SU共3兲, and the Heisenberg–Weyl group are presented, showing that there
 are simple examples of generalized coherent states which do not meet these con-
 ditions. Our results are relevant for phase–space description of quantum mechanics
 and quantum state reconstruction problems.


I. INTRODUCTION


There is a long history of attempts to express the basic structure of quantum mechanics, both
 kinematics and dynamics, in the c-number phase space language of classical mechanics. The first
 major step in this direction was taken by Wigner1 very early in the development of quantum
 mechanics, during a study of quantum corrections to classical statistical mechanics. This led to the
 definition of a real phase space distribution2—now called the Wigner distribution—faithfully
 representing any pure or mixed state of a quantum system whose kinematics is governed by
 Heisenberg commutation relations for any number of Cartesian degrees of freedom. It was soon
 realized that this construction is dual to a rule proposed earlier by Weyl3to map classical dynami-
 cal variables onto quantum mechanical operators in an unambiguous way, in the sense that the
 expectation value of any quantum operator in any quantum state can be rewritten in a completely
 c-number form on the corresponding classical phase space.


The general possibilities of expressing quantum mechanical operators in classical c-number
 forms were later examined by Dirac4while developing the analogies between classical and quan-
 tum mechanics. The specific case of the Weyl–Wigner correspondence was carried further in
 important work by Groenewold and by Moyal.5


a兲Electronic mail: nmukunda@cts.iisc.ernet.in


b兲Present address: Department of Physics, Carnegie Mellon University, Pittsburgh, PA 15213; Electronic mail:


xarvind@andrew.cmu.edu, arvind@physics.iisc.ernet.in
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(2)Inspired by the needs of quantum optics, the general problem of setting up different classical
 variable–quantum operator correspondences has received enormous attention.6 It has thus been
 appreciated that the Weyl–Wigner choice is just one of many possibilities, two other important
 ones being 共in the language of photon annihilation and creation operators兲the normal ordering7
 and the antinormal ordering8choices.


While the harmonic oscillator coherent states, with their remarkable properties, have played a
 crucial role in all these developments, the idea of coherent states itself has been extended, in two
 slightly different ways, by Klauder9 and by Perelomov,10 to the notion of generalized coherent
 states. A very interesting case is the family of coherent states in the context of an unitary irreduc-
 ible representation共UIR兲of any Lie group G on a Hilbert spaceH. In particular, the generalized
 coherent states associated with the group SU共2兲—the atomic coherent states11—have received
 enormous attention. A satisfactory generalization of the concept of Wigner distribution has also
 been achieved for the irreducible representations of SU共2兲.12


For the purpose of the present work two different levels of completeness exhibited by the
 harmonic oscillator coherent states should be highlighted:


共i兲Completeness at the state vector level: This refers to the fact that every state vector can be
 written as a linear combination of the coherent states. In terms of the共rank-one兲operators corre-
 sponding to projections onto the coherent states, this property is expressed by saying that the
 identity operator can be expressed as a linear combination of these one-dimensional projection
 operators. This aspect is sometimes known as resolution of unity.


共ii兲Completeness at the operator level: This refers to the remarkable fact that every operator
 can be realized as a linear combination of projections onto coherent states. This property is often
 known as the diagonal representation theorem.7 共The accompanying coefficient function of the
 linear expansion can in general be a very singular distribution.13兲This diagonal representation of
 operators is dual to the normal ordering rule in the same sense as the Wigner and Weyl rules are
 dual to one another. We may note in passing that the diagonal representation has been central to
 many developments in quantum optics and laser physics. It also plays an important role in defining
 what is known as the*-product for operators.14


In view of the interest in generalized coherent states, it is important to know if these two
 levels of completeness apply to a given system of generalized coherent states or not. The共over兲
 completeness property of the generalized coherent states at the state vector level usually共but not
 always兲follows as a direct consequence of Schur’s lemma: completeness at this level depends on
 whether the group representation under consideration possesses the square integrability property
 or not.


Completeness at the operator level—namely the question of whether the diagonal representa-
 tion theorem applies to a given system of generalized coherent states—turns out to be considerably
 more subtle. In our opinion this question has hitherto not received the direct attention that it
 deserves 共we should, however, invite the reader’s attention to some very insightful remarks by
 Klauder and Skagerstam on this question15兲.


In an important recent work, Brif and Mann16have carried out extensive harmonic analysis in
 the space of rank-one projections onto a system of generalized coherent states. However, they do
 not study the question of which systems of generalized coherent states admit a diagonal represen-
 tation for operators and which do not. Indeed, they give no indication that there can be fairly
 simple systems of generalized coherent states for which the diagonal representation theorem does
 not apply—in the sense that there exist operators which cannot be written as linear combinations
 of rank-one projection operators over these coherent states.


The main aim of the present paper is to examine in detail the question of completeness at the
 operator level and to develop necessary and sufficient conditions which will ensure that all op-
 erators on the 共relevant兲 Hilbert space can indeed be expanded in terms of projections onto the
 generalized coherent states. The non-triviality of this question renders some amount of careful and
 delicate analysis indispensable, but we would like to assure the reader that the effort is so reward-
 ing as to give a complete answer to an issue of considerable physical importance.


For definiteness we deal with the situation where the group G is compact, so that its chosen



(3)UIR acts on a Hilbert spaceHof finite dimension.共However in some of the examples we formally
 extend our methods to certain noncompact G.) The important tools in our analysis are the well-
 known reciprocity theorem when one examines an induced representation of G17 arising from
 some UIR of a subgroup H傺G and asks for the occurrence and multiplicity of various UIR’s of
 G itself; and the structure of the Clebsch–Gordan series and coefficients for direct products of
 UIR’s of G, in a form adapted to H. We will show that while the necessary and sufficient
 conditions mentioned above are met in certain cases of SU共2兲and the Heisenberg–Weyl 共HW兲
 group, there are quite simple examples in the cases of SU共2兲 and SU共3兲 where they are not
 satisfied. This will attest to the necessity and significance of the conditions that we develop.


The contents of this paper are organized as follows. In Sec. II we set up the basic notations
 and definitions of generalized coherent states within a UIR of a general compact Lie group G, the
 two associated stability groups and coset spaces, and carry out the harmonic analysis at the vector
 level. The two distinct kinds of relationships between the stability groups are also carefully
 defined. Section III discusses the detailed properties of the projection operators onto the general-
 ized coherent states, and performs the corresponding harmonic analysis. Using these and other
 results pertaining to the Clebsch–Gordan problem, we are able to obtain explicit necessary and
 sufficient conditions for existence of the diagonal representation in any given situation. In Sec. IV
 we consider applications to both SU共2兲and SU共3兲, taking three examples in each case. The aim is
 to show how to check our conditions in practical cases, and to exhibit some simple situations
 where the diagonal representation exists, and other equally simple ones where it does not. Section
 V analyzes the Heisenberg–Weyl group in a heuristic way, to display how our conditions work
 and lead to expected results. Section VI contains concluding remarks. Appendixes A and B gather
 material on general Clebsch–Gordan series and coefficients, unit tensor operators, induced repre-
 sentation theory and the reciprocity theorem, for the convenience of the reader and to set up
 notations.


II. HARMONIC ANALYSIS ON COSET SPACES—THE VECTOR LEVEL


Let G be an n-dimensional compact Lie group. As described in Appendix A, we denote the
 various UIR’s共upto equivalence兲of G by a symbol J; within a UIR we denote a complete set of
 orthonormal basis labels共magnetic quantum numbers兲by M . Both J and M stand in general for
 sets of several independent indices. Certain specific choices of the latter will be indicated later.


Let the Hilbert spaceH(J0) carry the NJ


0-dimensional UIRD(J0)(•) of G. Choose and keep
 fixed some fiducial unit vector 0苸H(J0). The orbit of 0 is the collection of vectors—


generalized coherent states—(g)苸H(J0) obtained by acting on0 with all g苸G:


共0兲⫽兵共g兲⫽D(J0)共g兲0 兩 g苸G其傺H(J0). 共2.1兲
 Similarly, if0⫽00


† is the pure state density matrix corresponding to0, its orbit in the space
 of all density matrices is


共0兲⫽兵共g兲⫽D(J0)共g兲0 D(J0)共g兲†⫽共g兲共g兲† 兩 g苸G其. 共2.2兲
 Two important subgroups H0,H in G are now defined


H0⫽兵g苸G 兩 D(J0)共g兲0⫽0其傺G,


共2.3兲
 H⫽兵g苸G 兩 D(J0)共g兲0⫽共phase兲 0其傺G .


The dependences of H0,H on0are left implicit. The subgroup H0is the stability group of0in
 the strict sense, while H is the stability group of0upto phase factors. On the other hand, H is the
 stability group of0 in the strict sense:


H⫽兵g苸G 兩 共g兲⫽0其傺G . 共2.4兲



(4)By standard arguments one has the identifications of the two orbits with corresponding coset
 spaces of G:


共0兲⯝G/H0⫽⌺0,


共2.5兲


共0兲⯝G/H⫽⌺.


For definiteness we always take coset spaces to be made up of right cosets gH0,gH in the two
 cases.


It is evident that H0 is an invariant subgroup of H, and we can distinguish two qualitatively
 different situations depending on the nature of the quotient H/H0:


case A: H/H0⫽trivial or discrete ,


共2.6兲
 case B: H/H0⫽U共1兲.


These two possibilities can be pictured as follows: There is an obvious and natural projection map


:(0)→(0) or:⌺0→⌺. 共Since H0 is a subgroup of H, every H0-coset lies within some
 H-coset.兲With respect to this projection map, in case A for each苸(0), there is just one or
 a discrete set of vectors 苸⫺1()傺(0); while in case B ⫺1() consists of all vectors
 兵ei␣其 for some fixedand 0⭐␣⬍2. Stated in yet another manner: in case A with the help of
 action by elements in G the phase of0关and so of any(g)] can be altered in only a discrete set
 of ways or not at all; and in case B these phases can be altered in a continuous manner, so that
 each ⫺1() contains a ‘‘U共1兲-worth of vectors.’’


We now wish to exploit the results of harmonic analysis arising from the natural UR’s of G
 acting on square integrable functions on the two coset spaces ⌺0,⌺ in order to extract the G
 representation contents of (g),(g), respectively. The key point is that while both (g) and


(g) have already known dependences on g, since they are obtained from 0 and 0, respec-
 tively, by actions via the given UIRD(J0) of G关and in particular(g) for different g may not be
 orthogonal,(g) for different g may not be trace orthogonal兴, they are linear quantities. Namely
 each of them belongs to a corresponding linear space. Therefore natural complete orthonormal sets
 of functions on⌺0,⌺ can be profitably used to project out the irreducible Fourier components of


(g),(g), respectively, with well defined irreducible behaviors under G, and then to resynthe-
 size them. In the remainder of this section we look at the case of (g), i.e., we consider the
 situation at the vector level. In the following section we take up the case of(g) at the operator
 level.


We have seen that the two distinct possibilities for the quotient H/H0 are given by Eq.共2.6兲.
 For simplicity in case A we limit ourselves to H⫽H0, i.e., we will hereafter consider just two
 possibilities:


case „a…: H⫽H0;


共2.7兲
 case „b…: H/H0⫽U共1兲.


In case共b兲we have H⯝H0⫻U(1) apart possibly for some global identification rules. The inter-
 mediate case of H/H0 discrete nontrivial can be handled by straightforward modifications of the
 analysis to follow. In case 共a兲 the coset spaces⌺0,⌺ coincide; and the harmonic analysis to be
 now developed for functions on⌺to study(g) can later be used to study(g). In case共b兲, since
 H is larger than H0by exactly one U共1兲angle, the coset space⌺0is also larger than⌺by共locally兲
 one angle variable in the range 共0,2兲. Whereas for(g) we can use the results of harmonic
 analysis arising from appropriate UR’s of G on⌺0or on⌺, for(g) we have to use the results on


⌺alone. At this point, focusing on(g) we divide the discussion into cases 共a兲and共b兲.



(5)A. Harmonic analysis in case„a…:HÄH0


With respect to H傺G the significant information available about the properties of the gener-
 alized coherent state vectors(g)苸(0) can be summarized as follows:


h苸H: D(J0)共h兲0⫽0,


共g兲⫽D(J0)共g兲0,


共2.8兲


共gh兲⫽共g兲,
 D(J0)共g⬘兲共g兲⫽共g⬘g兲.


Let us denote a general point on⌺, a general H-coset, by q⫽gH. The identity coset eH⫽H is the
 distinguished origin q0苸⌺. A general g⬘苸G maps q to q⬘⫽g⬘q. Also denote byᐉ(q)苸G a
 共local兲choice of coset representatives⌺→G:


q苸⌺→ᐉ共q兲苸G: ᐉ共q兲q0⫽q . 共2.9兲
 共In general, considering that G is a principal fiber bundle over ⌺ as base and H as fiber and
 structure group, such coset representatives are definable only locally, and not in a globally smooth
 way; however these aspects involving domains of definition and overlap transition functions can
 be taken care of suitably.兲Then the independent information contained in the vectors(g) can be
 reexpressed as follows:


0共q兲⫽共ᐉ共q兲兲, 0共q0兲⫽0,


共2.10兲
 D(J0)共g兲0共q兲⫽共g ᐉ共q兲兲⫽共ᐉ共gq兲兲⫽0共gq兲.


Based on these relationships we set up a UR of G on functions on⌺in this manner. The Hilbert
 space of the UR is


L2共⌺,C兲⫽
再
f共q兲苸C 冏 冕
⌺d共q兲兩f共q兲兩2⬍⬁冎
. 共2.11兲

Here d(q) is the G-invariant integration volume element on⌺,d(gq)⫽d(q); in the case of
 compact G and H we assume it is normalized to unit total volume for⌺. On these共scalar valued兲
 functions f (q) we define the action of G by unitary operatorsU(g):


共U共g兲f 兲共q兲⫽f共g⫺1q兲. 共2.12兲


It is now recognized that we have here the URD(ind,0) of G induced from the identity or trivial
 one-dimensional UIR of H, as described in Appendix B, Eq.共B4兲.共The superscript 0 is a reminder
 that the induction is from the trivial representation of H.) As explained there, by the well-known
 reciprocity theorem this URD(ind,0) of G contains a general UIRD(J) of G as many times as the
 latter contains the trivial one-dimensional UIR of H. To make this quite explicit, at this point we
 choose the magnetic quantum number M within UIR’s of G to consist of a triple M⫽ j m:


here is a multiplicity label for UIR’s of H, j is a label for UIR’s of H, and m is a magnetic
 quantum number within the jth UIR of H. 共As with J and M , here too j and m in general stand
 for sets of several quantum numbers each.兲Then the general matrix element within the Jth UIR of
 G appears, adapted to H, as


DM M(J) ⬘共g兲⫽D(J)jm,⬘j⬘m⬘共g兲. 共2.13兲
With this information we have the result that a complete orthonormal basis for the Hilbert space
L2(⌺,C) is given by



(6)Y(Jjm)共q兲⫽NJ1/2Djm,00
 (J) 共ᐉ共q兲兲,


共2.14兲
 Y(Jjm)共q0兲⫽NJ1/2␦␦j0␦m0.


共Here again j⫽m⫽0 corresponds to the identity UIR of H.) We can say that there are as many
 independent spherical harmonics on ⌺of representation type J asD(J) contains H-scalar states,
 andcounts this multiplicity. The basic properties of these functions are


Y(Jjm)共gq兲⫽⬘
兺
j⬘m⬘D(J)jm,⬘j⬘m⬘共g兲Y

⬘j⬘m⬘


(J)


共q兲,



冕
⌺d共q兲Y(J⬘⬘j⬘⬘m)⬘共q兲*Y(Jjm)共q兲⫽␦J⬘J␦⬘␦⬘␦j⬘j␦m⬘m, 共2.15兲

J
兺
jm

Y(Jjm)共q兲Y(Jjm)共q⬘兲*⫽␦共q⬘,q兲.


In the last completeness relation we have the Dirac delta function on⌺with respect to the volume
 element d(q).


Now we use the above tools to perform the harmonic analysis of0(q). The results, as may
 be expected, will be simple, but the pattern for the later treatment of (g) will be set. Let us
 denote an orthonormal basis forH(J0), adapted to H, by⌿(Jjm0),


D(J0)共g兲⌿(Jjm0)⫽⬘
兺
j⬘m⬘D(J⬘0j)⬘m⬘,jm共g兲⌿(J⬘0j)⬘m⬘,

共2.16兲


⌿(J⬘0j)†⬘m⬘⌿(Jjm0)⫽␦⬘␦j⬘j␦m⬘m.


Since0is an H-invariant vector inH(J0), it follows that the UIRD(J0)of G contains at least one
 H-scalar state. Let us for simplicity choose0to be the one corresponding to the multiplicity label


having the value unity


0⫽⌿100(J0). 共2.17兲
 Then the generalized coherent states(g), and hence0(q), can be written out in explicit detail,


共g兲⫽D(J0)共g兲0⫽
兺
jm D(Jjm,1000) 共g兲⌿(Jjm0),

共2.18兲


0共q兲⫽共ᐉ共q兲兲⫽NJ


0


⫺1/2
兺
jm Y(Jjm0,1)共q兲⌿(Jjm0).

We see that the Fourier coefficients of0(q) are very simple:



冕
⌺d共q兲Y(Jjm)共q兲*0共q兲⫽NJ

0


⫺1/2␦JJ0␦,1⌿(Jjm0). 共2.19兲


This is as expected, and the expansion of 0(q) in the complete set兵Yjm
 (J)


(q)其 gives back the
second of Eq. 共2.18兲.



(7)B. Harmonic analysis in case„b…:H¶H0ÃU„1…


Now H0 and H are distinct. The results expressed in Eqs.共2.18兲and共2.19兲remain valid and
 adequate as far as the harmonic analysis of(g) or0(q) is concerned; we must just imagine H
 and ⌺ replaced throughout by H0 and ⌺0 in the case 共a兲 analysis. However since the larger
 subgroup H is now available, we outline the kind of induced UR of G we would have to set up on
 functions on the smaller coset space⌺⫽G/H, suitable for the harmonic analysis of(g) if one so
 wished.


With respect to H⯝H0⫻U(1)傺G, in contrast to the previous Eq.共2.8兲, we can now say the
 following about the family of generalized coherent states:


h苸H: D(0)共h兲0⫽ei(h)0,


共h⫺1兲⫽⫺共h兲,


共h兲⫽0 for h苸H0, 共2.20兲


共gh兲⫽ei(h)共g兲,
 D(J0)共g⬘兲共g兲⫽共g⬘g兲.


共The last statement here is the same as before.兲Now let us denote a general H-coset, a point of⌺,
 by r⫽gH. 共Since H0⫽H, the symbol q has been used up to label points of ⌺0.) The identity
 coset eH⫽H is the distinguished origin r0苸⌺; and g⬘苸G maps r to r⬘⫽g⬘r. In local coor-
 dinates, the point q苸⌺0 共the larger coset space兲 is a pair, q⫽(r,␣) where r苸⌺ and ␣
 苸关0,2) is the U共1兲 angle. Now let ᐉ(r)苸G be a choice of 共local兲 coset representatives ⌺


→G:


r苸⌺→ᐉ共r兲苸G: ᐉ共r兲r0⫽r . 共2.21兲
 Then the information共2.20兲about the generalized coherent states(g) gets expressed in this way:





˜0共r兲⫽共ᐉ共r兲兲, ˜0共r0兲⫽0,


共2.22兲
 D(J0)共g兲˜0共r兲⫽D(J0)共gᐉ共r兲兲0⫽D(J0)共ᐉ共gr兲ᐉ共gr兲⫺1gᐉ共r兲兲0⫽ei(ᐉ(gr)⫺1gᐉ(r))˜0共gr兲.
 The characteristic difference compared to Eq.共2.10兲, namely the presence of the nontrivial phase
 factor, is to be noted. This means that for analyzing(g) in this setting we must construct a UR
 of G on square integrable functions over⌺involving a nontrivial multiplier. The Hilbert space of
 this representation is 关for simplicity we use the same symbol f as in Eq. 共2.11兲兴:


L2共⌺,C兲⫽
再
f共r兲苸C 冏 冕
⌺d共r兲兩f共r兲兩2⬍⬁冎
, 共2.23兲

where d(r)⫽d(gr) is the G-invariant normalized volume element on ⌺. 关Therefore locally
 d(q)⫽(1/2) d(r)d␣.] On such f (r) we set up a URU˜ (g) of G as follows:


共U˜共g兲f兲共r兲⫽ei(ᐉ(r)⫺1g ᐉ(g⫺1r))f共g⫺1r兲. 共2.24兲
This is recognized to be the UR of G induced from the nontrivial one-dimensional UIR ei(h)of
H, in which H0is represented trivially. One can now proceed with the harmonic analysis of(g)
in which the subgroup H plays the key role, by starting from an orthonormal basis for H(J0)
adapted to H rather than merely to H0. However as we have already performed the harmonic



(8)analysis of (g) with respect to its strict stability subgroup H0, we do not pursue case共b兲for


(g) any further; these additional details will become relevant in the next section, and will be
 spelt out there.


III. HARMONIC ANALYSIS FOR THE PROJECTIONS


When we turn to an analysis of the projection operators(g)⫽(g)(g)†we see that in both
 cases共a兲and共b兲the analysis must be based on the strict stability group H of 0, and therefore
 with the appropriate induced UR of G on functions over ⌺. 共Thus uniformly the vector level
 analysis is better done using H0, and the operator level analysis using H, whatever the relation-
 ship between H0and H may be.兲The results of the harmonic analysis are now not as simple as for


(g) in Eqs.共2.18兲and共2.19兲. We now treat the details as far as possible parallel to the discus-
 sions in the preceding section, first for case共a兲and then for case共b兲.


A. Projection operators in case„a…


The basic facts about the family of projection operators(g) are, in the pattern of Eqs.共2.8兲
 and共2.20兲,


h苸H: D(J0)共h兲0D(J0)共h兲†⫽0,


共g兲⫽D(J0)共g兲0D(J0)共g兲†,


共3.1兲


共gh兲⫽共g兲,


D(J0)共g⬘兲共g兲D(J0)共g⬘兲†⫽共g⬘g兲.


Using the notations for the coset space⌺⫽G/H already introduced in the preceding section under
 case共a兲, and the coset representativesᐉ(q) in Eq.共2.9兲, we can express the content of Eqs.共3.1兲
 as follows:


0共q兲⫽共ᐉ共q兲兲, 0共q0兲⫽0,


共3.2兲
 D(J0)共g兲0共q兲D(J0)共g兲†⫽共gᐉ共q兲兲⫽共ᐉ共gq兲兲⫽0共gq兲.


For the harmonic analysis of(g) or0(q) we therefore set up on L2(⌺,C), by Eq.共2.12兲, the
 induced UR D(ind,0)(g)⫽U(g) of G just as was done for (g) in case共a兲. The UIR contents of
 this UR are as described in the preceding section. A complete orthonormal basis is provided by
 Eqs.共2.14兲with the properties共2.15兲; so the UIRD(J)of G is present as many times as it contains
 H-scalar states, and the indexcounts this multiplicity.


We can now project out the Fourier coefficientsjm


J of(g) as operators acting onH(J0):


jm


J ⫽
冕
⌺d共q兲Y(Jjm)共q兲*0共q兲. 共3.3兲
 On the one hand, combined use of Eqs.共2.15兲and共3.2兲and unitarity ofD(J)leads to the expected
 tensor operator behavior:

D(J0)共g兲jm


J D(J0)共g兲†⫽⬘
兺
j⬘m⬘D(J)⬘j⬘m⬘,jm共g兲J⬘j⬘m⬘. 共3.4兲
 On the other hand, the completeness relation in Eq.共2.15兲gives

0共q兲⫽J
兺
jm Y(Jjm)共q兲Jjm, 共3.5兲


(9)while of course(g) for general g is obtained by going to the H coset of g:


g⫽ᐉ共q兲h, q苸⌺, h苸H: 共g兲⫽0共q兲. 共3.6兲
 However all this by no means implies that all the operatorsjm


J are nonvanishing. What is clear
 is that the UIR’s J of G that appear as tensor operators in the harmonic analysis of(g)共and their
 corresponding multiplicities兲must be some subset of the spectrum of UIR’s of G that are known
 to be contained in the induced URD(ind,0)⬅U(•), as dictated by the reciprocity theorem. Indeed
 one can see immediately that, when G and H are both compact and G/H is nontrivial,H(J0) is
 finite dimensional whereas D(ind,0) is infinite dimensional; therefore only a finite subset of the


jm


J can be nonzero.


To pin down further the tensor operatorsjm


J we relate them directly to the fiducial vector


0苸H(J0) and to the generalized coherent states (g). We have introduced in Eq. 共2.16兲 the
 orthonormal basis ⌿(Jjm0) for H(J0) adapted to H, and in Eq.共2.17兲we have identified 0 to be


⌿100(J0). This has given the explicit expressions 共2.18兲 for (g) and 0(q). Combining these
 various results and also using Eq.共2.14兲we see that the integrand on the right-hand side in Eq.


共3.3兲is


Y(Jjm)共q兲*0共q兲⫽NJ1/2
兺


⬘j⬘m⬘


⬙j⬙m⬙


⌿(J⬘0j)⬘m⬘⌿(J⬙0j)⬙†m⬙


⫻ D(J⬘0j)⬘m⬘,100共ᐉ共q兲兲D(J⬙0j)⬙m⬙,100共ᐉ共q兲兲*D(J)jm,00共ᐉ共q兲兲*. 共3.7兲
 For the product of the twoD*matrix elements we have the Clebsch–Gordan decomposition given
 in Eq.共A7兲involving the Clebsch–Gordan coefficients of G adapted to H:


D(J⬙0j)⬙m⬙,100共ᐉ共q兲兲*D(J)jm,00共ᐉ共q兲兲*


⫽ J
兺
⬘⌳

kn


⬘k⬘n⬘


D(J⬘⬘k)⬘n⬘,kn共ᐉ共q兲兲*C


⬙j⬙m⬙


J0


jm


J J⬘⬘⌳k⬘n⬘* C100J0 J00 Jkn⬘⌳


⫽ J
兺
⬘⌳

⬘k⬘n⬘
 NJ


⫺⬘1/2


C


⬙j⬙m⬙


J0


jm


J J⬘⬘k⌳⬘n⬘* C100J0 J00 J00⬘⌳ Y


⬘k⬘n⬘


(J⬘) 共q兲*, 共3.8兲


since the second Clebsch–Gordan coefficient shows that in the sums over k and n only k⫽n


⫽0 survives. Putting共3.8兲into共3.3兲and carrying out the integration we get the result


jmJ ⫽NJ1/2
 NJ


0 
兺
⌳ C100J0 J00 100J0⌳ 兺


⬘j⬘m⬘


⬙j⬙m⬙
 C


⬙j⬙m⬙


J0


jmJ


⬘j⬘m⬘


J0⌳


*⌿


⬘j⬘m⬘


(J0)


⌿(J⬙0j)⬙†m⬙. 共3.9兲


The sum over the outer products of the elements of the basis forH(J0) reproduces exactly the⌳th
 unit tensor of rank J onH(J0), as given in Eq.共A.12兲. Thus we have the final result


jm
 J ⫽NJ1/2


NJ


0 
兺
⌳ C100J0 J00 100J0⌳ UJ⌳jm . 共3.10兲

We immediately see that a necessary condition forjm


J to be nonzero is that the UIRD(J) must
 occur in the direct productDJ0⫻D(J0)*, which is of course reasonable.


It is also evident that a certain rectangular matrix for each J, made up of specific Clebsch–


Gordan coefficients, plays an important role here. We may write共3.10兲as



(10)jm


J ⫽
兺
⌳ ⌳(J) UJ⌳jm ,

共3.11兲


⌳(J)⫽NJ1/2
 NJ


0


C100J0 J00 100J0⌳ .


The row indexgives the multiplicity of occurrence of H-scalar states within the UIRD(J)of G,
 while the column index⌳ 共which has no reference to H) gives the multiplicity of occurrence of
 D(J0)in the decomposition of the productD(J0)⫻D(J). The necessary and sufficient conditions, in
 case共a兲, for being able to express every operator A onH(J0) as an integral over the projections


(g) or0(q), namely, as


A⫽
冕
⌺d共q兲 a共q兲 0共q兲, 共3.12兲
 for some c-number function a(q) depending linearly on A, are now clear. We know in advance
 that the set of unit tensor operators UjmJ⌳ , with spectrum of J⌳ values completely and directly
 determined byD(J0) with no reference to the subgroup H, form a complete trace orthogonal set of
 operators on H(J0). Given the relations共3.11兲 for each J expressing the Fourier coefficients of

0(q) in terms of these unit tensors, we must be able to invert these relations and express each
 UJ⌳jmas a⌳-dependent linear combination overof thejmJ . Thus the necessary and sufficient
 conditions are as follows.


共i兲Each UIRD(J) of G contained in the product URD(J0)⫻D(J0)* with some multiplicity
 must also occur in the UR D(ind,0) of G induced from the identity UIR of H, with the same or
 higher multiplicity.


共ii兲For each suchD(J), the rectangular matrix(J)in共3.11兲must have at least as many rows
 as it has columns, and it must be of maximal rank, namely equal to the number of columns.


B. Projection operators in case„b…


The main complication now is that 0 and 0 have different strict stability groups. We
 therefore have to unavoidably introduce extra quantum numbers in the state labels to take account
 of the structure H⯝U(1)⫻H0. Further in carrying out harmonic analyses over⌺⫽G/H, we must
 use two different sets of complete orthonormal spherical harmonics, one appropriate for(g) and
 another共simpler兲one for(g). The increase in index structure inD-functions, Y -functions, and
 Clebsch–Gordan coefficients are all inevitable.


A general element h苸H is a pair h⫽(ei␣,h0) where ␣ 苸关0,2) and h0苸H0 共subject
 possibly to some global identification rules兲. The label j for a general UIR of H is also a pair j


⫽(y , j0) where y苸Zis the U共1兲quantum number and j0labels a UIR of H0 共again here y and
 j0 may be constrained in some way兲. Within the UIR j0 of H0 we have as before an internal
 magnetic quantum number m. Therefore in a basis adapted to H the matrix elements in the UIR
 D(J) of G look like


DM M(J) ⬘共g兲⫽Dy j


0m,⬘y⬘j0⬘m⬘


(J) 共g兲, 共3.13兲


with the index  counting the number of times the UIR j⬅( y , j0) of H is present, etc. Corre-
 spondingly we have an orthonormal basis⌿y j


0m
 (J0)


forH(J0) with the transformation law
 D(J0)共g兲⌿y j


0m
 (J0)


⫽ 
兺


⬘y⬘j0⬘m⬘ D⬘y⬘j


0⬘m⬘,y j0m
 (J0)


共g兲 ⌿⬘y⬘j


0⬘m⬘


(J0)


. 共3.14兲



(11)With no loss of generality we can assume that the fiducial vector 0, invariant under H0 but
 changing under the U共1兲part of H, carries the U共1兲 quantum number y⫽1, and is the first such
 state in the case of multiplicity,


0⫽⌿1100(J0) . 共3.15兲
 This replaces Eq.共2.17兲. For the generalized coherent state we have from Eq.共3.14兲and共3.15兲, as
 replacement for Eq.共2.18兲:


共g兲⫽D(J0)共g兲⌿1100(J0)⫽ 
兺
y j

0m Dy j


0m,1100
 (J0)


共g兲 ⌿y j


0m
 (J0)


. 共3.16兲


For points of the coset space⌺and coset representatives we use the notations r,ᐉ(r) already
 introduced in Sec. II under case共b兲. Now as was mentioned earlier, on⌺we have to employ two
 different complete orthonormal sets of functions, one to handle 0(r) and the other to handle


0(r). This is because two different induced UR’s of G are involved—in thecase it is the UR
 D(ind,10) induced from the nontrivial one-dimensional UIR j⫽(1,0) of H as described in Eq.


共2.24兲; in the  case it is the UR D(ind,00) induced from the trivial one-dimensional UIR j


⫽(00) of H, analogous to Eq. 共2.12兲. The two systems of complete orthonormal spherical har-
 monics on⌺are


D(ind,10): ˜Y


y j0m


(J,) 共r兲⫽NJ1/2 Dy j0m,100


(J) 共ᐉ共r兲兲 , 共3.17a兲


D(ind,00): Yy j


0m


(J,) 共r兲⫽NJ1/2 Dy j0m,000


(J) 共ᐉ共r兲兲 . 共3.17b兲


We must appreciate that the spectrum of (J,) values present in the two cases may be different,
 even though each set by itself is orthonormal and complete over ⌺with respect to the measure
 d (r). The transformation properties under G action, orthonormality and completeness relations
 in each case are analogous to Eq.共2.15兲and need not be repeated.


Equations共3.1兲continue to hold, while we replace Eq.共3.2兲and the second of Eq.共2.18兲by


0共r兲⫽共ᐉ共r兲兲⫽˜0共r兲˜0共r兲†,


0共r0兲⫽0,


共3.18兲
 D(J0)共g兲0共r兲D(J0)共g兲†⫽0共gr兲,





˜0共r兲⫽共ᐉ共r兲兲⫽
兺
y j0m Dy j

0m,1100
 (J0)


共ᐉ共r兲兲 ⌿y j


0m
 (J0)


⫽NJ


0


⫺1/2



兺
y j0m

˜Y


y j0m
 (J0,1)


共r兲⌿y j


0m
 (J0)


.
 The pattern of calculations from here onwards is similar to case 共a兲. We define the Fourier
 coefficients of the projection operators0(r) with respect to the basis共3.17b兲as


y j0m


J ⫽
冕
⌺d共r兲 Yy j

0m


(J,) 共r兲* 0共r兲,


0共r兲⫽J
兺
y j

0m


Yy j


0m


(J,) 共r兲 y j0m


J , 共3.19兲


D(J0)共g兲 y j0m


J D(J0)共g兲†⫽ 
兺


⬘y⬘j0⬘m⬘ D⬘y⬘j


0⬘m⬘,y j0m


(J) 共g兲 ⬘y⬘j


0⬘m⬘


J .
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