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(5)
CHAPTERl INTRODUCTION


1.1 Frame theory


The first mathematician to take the notion of open set as basic to the study of
 continuity properties was Hausdorff in 1914. Using the lattice of open sets, Marshal stone
 [ST]1was able to give topological representation of Boolean algebras and distributive
 lattices and H. Wallman(1938) [WA] used lattice theoretic constructs to obtain the
 wallman compactification. In the 1940's McKinsey and Tarski [M; T] studied the


"algebra of topology" that is topology studied from a lattice theoretical viewpoint. But a
 fundamental change in the outlook came in late fifties; Charles Ehresmann [EH] in 1959
 first articulated the view that a complete lattice with an appropriate distributivity property
 deserved to be studied in their own right rather than simply as a means to study
 topological spaces. He called the lattice a local lattice. Dowker and Strauss([D; P] I,
 [D;Ph, [D;P]3)introduced the term frame for a local lattice and extended many results
 of topology to frame theory.Itwas with the publication of John Isbell's "Atomless parts
 of spaces" [IS]I in 1972 that the real importance of the subject emerged. Since then
 Frame theory is studied extensively by many authors.


1.2 Fuzzy set theory


Among the various paradigmatic changes in science and mathematics in this
century, one such change concerns the concept of uncertainty. According to the
traditional view, science should strive for certainty in all its manifestations hence,



(6)uncertainty (vagueness) is regarded as unscientific. According to modem view,
 uncertainty is considered essential to science; it is not only an unavoidable plague, but it
 has, in fact, a great utility. L.A. Zadeh in 1965 introduced the notion of fuzzy sets [ZAh
 to describe vagueness mathematically in its very abstractness and tried to solve such
 problems by giving a certain grade of membership to each member of a given set. This in
 fact laid the foundations of fuzzy set theory. Zadeh has defined a fuzzy set as a
 generalisation of the characteristic function of a subset. A fuzzy set can be defined
 mathematically by assigning to each possible individual in the universe of discourse, a
 value representing its grade of membership in the fuzzy set. The membership grades are
 very often represented by real numbers in the closed interval between 0 and 1. The nearer
 the value of an element to unity, the higher the grade of its membership. The fuzzy set
 theory has a wider scope of applicability than classical set theory in solving various
 problems. Fuzzy set theory in the last three decades has developed along two lines:


1. as a formal theory which got formalised by generalizing the original ideas
 and concepts in classical mathematical areas.


2. as a very powerful modeling language, that can cope with a large fraction
 of uncertainties of real life situations.


1.3 Intuitionistic fuzzy set theory


In 1983, K. Atanassov proposed a generalization of the notion of fuzzy set, [ATh
known as Intuitionistic Fuzzy sets. He introduced a new component degree of non
membership in addition to the degree of membership in the case of fuzzy sets with the
requirement that their sum be less than or equal to one. The complement of the two



(7)degrees to one is regarded as a degree of uncertainty. Since then a great number of
 theoretical and practical results appeared in the area of Intuitionistic Fuzzy sets.


1.4 Summary of the Thesis


The main objective of this thesis is to study frames in Fuzzy and Intuitionistic
 Fuzzy contexts. The whole work is divided into six chapters. A brief chapter wise
 description of the thesis is given below.


Chapter 1


This is devoted to the basic definitions and results concerning Frames, Fuzzy sets
 and Intuitionistic Fuzzy sets which are required in the succeeding sections. All results
 here are quoted from existing literature.


Chapter 2


In this chapter we introduce the notion of fuzzy frames and we prove some results,
 which include


• If P is a fuzzy subset of a frame F, then p is a fuzzy frame of'F iff each
 non-empty level subset 
u,
ofp
 is a subframe of F.

• The category FuzzFrm of fuzzy frames has products.


• The category FuzzFrm offuzzy frames is complete.


Chapter 3


In this chapter we introduce the notion of fuzzy quotient frames. The operation of
binary meet and arbitrary join on a frame F induces, through Zadeh's extension principle
new operations on the partially ordered set IF. Here we define a fuzzy-quotient frame of F
to be a fuzzy partition of F, that is, a subset of IF and having a frame structure with



(8)respect to new operations. We also define and study fuzzy ideals over F. The results
 proved in this chapter include


• If 
P
and r
 are fuzzyframes of a frame F having supremum property with
 respectto /\ and v then pAr
 and pv r
 are fuzzyframes of F.

• IfR is an invariant fuzzy binary relation on a frame F then its fuzzy
 partitionPRis a fuzzy quotient frame ofF.


• The set If F of all fuzzy ideals of the frame F is a frame.


Chapter 4


In this chapter we define and study the notion of intuitionistic fuzzy frames and
 obtain some results, which include


• If A is an intuitionistic fuzzy set in F then A is an intuitionistic fuzzy frame
 of F iff DA and 
0
A ( 'necessity' and 'possibility' operators ) are
 intuitionistic fuzzy frames ofF.

• IfA is an intuitionistic fuzzy set on F then A is an intuitionistic fuzzy frame
 on F iff every non empty level set Ab te [O,l]of A is a subframe of the
 frameF.


• The category IFFrm of intuitionistic fuzzy frames has products.


• The category IFFrm of intuitionistic fuzzy frames is complete.


Chapter 5


In this chapter we introduce the concept of Intuitionistic fuzzy Quotient frames
andhas obtained the result:



(9)• IfRis an invariant intuitionistic fuzzy similarity relation on a frame F then
 its fuzzy partition PR is an intuitionistic fuzzy quotient frame ofF.


Chapter 6


Here we establish the categorical link between frames and intuitionistic fuzzy
 topologies. The main results include the following:


• U is a contravariant functor from the category IFTOP of intuitionistic
 fuzzytopological space to the category FRM of frames.


• ~ is a contravariant functor from the category FRM of frames to the
 category IFTOP of intuitionistic fuzzy topological spaces.


• ~and 
n
 are adjoint on the right.

1.5 Basic Defmitions and Results
 1.5(a) Frames and Topological spaces


In the same way as the notion of Boolean algebra appears as an abstraction of the
 power set P(X) of a set X, the notion of frame arises as an abstraction from the topology
 T of the topological space (X, T ).


The following definitions are adapted from [BA]h [BAh, [BAh, [D; Ph , [D; P]4,
 [JOh ,[PI], [VIe]


Deflnition 1.5.1. A frame is a complete lattice L satisfying the distributive law x1\(V S)



=
V {XI\SI
seS} for all xeL and S~L, where 1\ denotes binary meet and V denotes
arbitrary join.


(10)Defmition 1.5.2. A subset M ofa frame L is a subframe ofL if 0L, 
e
L eM where 0L
 and e
Lare respectively bottom and top element of L, and M is closed under finite meets
 and arbitrary joins.

Note 1.5.3. Given a, b eL a frame, with as b then [a,b]= {xeL 
I
a S xS b} is a frame
 but not a subframe ofL.

Defmition 1.5.4. For frames L, M a map h: L--.+M is a frame homomorphism if h
 preserves finite meets (including top or unit element) and arbitrary joins (including
 bottom or zero element). That is h(aAb) = h(a) Ah(b) and h(V X) =V h(x) for all a, beL
 andXcL.


Defmition 1.5.5. For a family of frames {L, lie I}, its product L is the Cartesian product
 of underlying sets with S defined as(aJ ieA S (bJ ieA iff aiS b,for all i eI.


Definition 1.5.6. For any frame F, a subset J c F is an ideal if, J is a downset that is if (a e J,
 b S a) => be J and J is closed under finitejoins.


Proposition 1.5.7. The set JF of all ideals of a frame F is a frame, under inclusion order.


There is an important relation between frames and topological spaces which we
 describe below. The category of frames and frame homomorphisms will be denoted by
 Frm. The category of topological spaces and continuous maps will be denoted by Top.


Defmition 1.5.8. The contravariant functor 
n :
 Top --.+ Frm which assigns to each
topological space (X, r )
 its frame 't of open sets and to each continuous function


(11)
I:
 (X, T) ~(X', 1") the frame map0.(/): 1" ~ T given byo.(/)(u)= rJ(u), where
 UE1" is called the open functor from Top to Frm.

Defmition 1.5.9. Let L be a frame. The spectrum of L is the set ptL of all frame
 homomorphisms p: L ~ {O, I} with the spectral topology 'Z"ptL
= { r, I
x EL} where

~
=
{pe ptL I
p(x) = I}. The contravariant functor 1: : Frm ~Top which assigns to each
 frame its spectrum 1:(L)=
(ptL, 'Z"ptL) and to each frame map f: L ~ L' the continuous
 map 1:(f) : 1:(L')~ 1:( L ) given by 1:(f)(P)=
po f , where p is a point of L' is called the
 spectrum functor from Frm to Top.

Theorem 1.5.10. ~and 0. are adjoint on the right with adjunctions 
lh.:
 L ~0. 1:L given
 by a ~ 1:a and &x: X~1: o.X given byx ~ x where x(U)= card(U n
{x}).

1.5(b) Fuzzy Sets


The following definitions are adapted from [DU; P], [K; Y] , [MO; M], [OV],
 [ZA]J , [ZI].


Defmition 1.5.11. A fuzzy set p ofa set X is a function from X to I where I = [0, 1].


Defmition 1.5.12. The set all fuzzy sets of X, denoted by IX is the set of all functions
 fromXto [0, 1].


Defmition 1.5.13. Let p and 
r
 be fuzzy sets of a non empty set X. Then
p=r ~ p(x)=r(x) for all xeX


(12)p 
c y
 ~ p (x) s y
(x) for all xe X


u
v y= t5~ t5(x)= max {p(x),y(x)} forallxeX
 P A y= t5 ~ t5(x)=
min{p(x),y(x)} for all xeX

Defmition 1.5.14. Let {,uala eA}
c
 IX. Then define n ,u.
(a) = inf{,ua(a) I
a eA}

ieA I


and 
U
,u.(a)=
sup{,ua(a)I
a eA}.

ieA I


Defmition 1.5.15. If,uis fuzzy set of X, for any t e I the set J.Lt= {ae X
I
,u(a) ~t} and
 ,ut> = {ae XI
,u(a) >t} are respectively called level subset and strong level subset of,u.

Defmition 1.5.16. If ,u is fuzzy set of X then the height of J.L IS defined by
 hgt(J.L) = supJ.L(x).


xeX


Proposition 1.5.17. Let p and 
y
be fuzzy sets of a non empty set X. Then (p u r s, =


Defmition 1.5.18. Let X and Y be two non empty sets and J.L any fuzzy set of X. Let I
 a function from X into Y. Then J.Lis said to bel-invariant if for all x, ye X,/(x)
=
I(y)

=> ,u(x)
=
J.L(y).

Proposition 1.5.19. LetI be a mapping from a set S to a set M and let {J.La 
I
a e AI}

and {A.a 
I
a e A 2} be families of fuzzy sets in S and M respectively. Then we have,


(13)i) f( 
U
 Pa) = U
 f(Pa) ii) f -I( U
 Aa) = U
 f -1(Aa) iii) f f
 -1(Aa)=
Aa iff
 is

aeAI aeAI ueA2 aeA2


surjective iv) f -If(Pa)
=
Pa if f.la is f -invariant.

Defmition 1.5.20. Let ® be any arithmetic operation and A, B any two fuzzynumbers
 then by Zadeh's extension principle A®B is a fuzzy set given by A®B(z) =


sup min[A(x), B(y)]


z=x0y


Defmition 1.5.21. A fuzzy binary relation R of a set X is a function from XxX to I
 where I
=
[0, 1].

Defmition 1.5.22. A fuzzy binary relation R on a set X (Relx x x) is said to be a fuzzy
 similarity relation if it satisfies for all x, y, z eX


1.


2.


3.


R(x, x)= 1
 R(x, y)
=
R(y, x)

R (x, y) AR (y, z) 
s
 R (x, z)

( reflexive )
 ( symmetric)
 ( transitive )


I.5(c) Intuitionistic Fuzzy Sets


The following definitions are adapted from [AT].,[ATJ2, [B;Bh,[COh, [COh,[D; K]


Defmition 1.5.23. An intuitionistic fuzzy set Ain a nonempty set X is an object having
 the form A= {(x, 
f.l
A(X), r
A(X» I
xeX} where the functions f.l
A : X~ [0,1] and


r
A : X~ [0,1] denote the degree of membership and degree of nonmembership
respectively and°
~ f.l
A(X)+ r
A(X) ~ 1 for all x eX.


(14)Defmition 1.5.24. Let X be a non empty set and let A = {(x, 
Jl
A(X), Y
A(X» I
xeX} and

B = {(x, JlB(X),
Y
B(X»I
xeX} be intuitionisticfuzzy sets in X. Then,

i) A cB if and only if
Jl
A(X) s Jl
B(X) and Y
A(X)~ Y
B(X) for all x eX
 ii) A=Bifandonlyif A~ BandB ~A

Hi) A = {(x, 
Y
A(X), Jl
A(X» I
xeX}

vi) DA = {(x, 
Jl
A(X), 1-Jl
A(X» I
xeX}

vii) OA= {(x, 
l-Y
A(X), Y
A(X» I
xeX}

Remark 1.5.25. Operators 0 and 
0
 are called [AT]I respectively 'necessity' and
 'possibility' which will transform every intuitionistic fuzzy set in to afuzzyset.

Defmition 1.5.26. Let {Ai lie A} be an arbitrary family of intuitionistic fuzzy sets in X
 then,


i)
 ii)



n
A.= {(x, /\PAi(x), vr
Ai (x) [xeX}

ieA 1 .



U
A. = {(x, VJl
Ai (x), /\y
Ai (x» I
x eX}

ieA 1


Definition 1.5.27. Let A= {(x,
Jl
A(X),Y
A(X» I
xeX} be an intuitionistic fuzzy set inX. For
any t E[0,1], A t= {xE X IY
A(X)~ t ~ Jl
A(X)} is called a level subset of the intuitionistic
fuzzy setA.


(15)Result 1.5.28. Let A and B be intuitionistic fuzzy sets of a non empty set X. Then


Defmition 1.5.29. Let X and Y be two non empty sets. An intuitionistic fuzzy relation
 R is an intuitionistic fuzzy set of X xYgiven by,


R 
=
 {«x, y),,uR (x,y), YR (x, y»I
 x e X, y e Y} where J.l :
 XxV ~ [0, I]

R


and 
r :
XxV ~ [0, I] satisfy the condition, O~ ,u
R(x,y) +YR (x,y) s I for every

R


(x,y) e XxY.


IFR( XxY) denote the set of all intuitionisticfuzzysubsets of XxV.


1.5(d) Category Theory


The following definitions are adapted from [A; H; S], [BO],[JO]z ,[MA]


Definition 1.5.30. A category C consists of three things:


(b) A class of object, ob C denoted by capital letters


(c) For each ordered pair of objects (A, B), a set hom(A, B) whose elements
 are called morphisms with domain A and codomainB.


(d) For every ordered triple of objects (A, B, C) a map (f, g )~gof of the
 product set hom(A, B) x hom(B, C) into hom(A, C).


Also the objects and morphisms satisfy the following conditions


1. If (A, B) ~(C, D) then hom(A, B) and hom(C, D) are disjoint.


2. If
f
 e hom(A, B), ge hom(B, C) and he hom(C, D) then (hg}f= h(gf).


(16)3. For every object A we have an elementlA E hom(A, A) such that/o lA
=1


for every
f
 e hom(A, B) and lA0 g = g for every g E hom(B, A)

DefInition 1.5.31. Let C be a category then the dual category ofC is denoted by CoP and
 is defined as,


(a)
 (b)
 (c)


ob COP=ob C


horn (A, B) = hornc (B, A)


cOP


If 
I
 E horn (A, B) and g E horn (B, D) then go I (
in CoP) =

cOP cOP


log(as given in C)


Deflnition 1.5.32. Let C and D be two categories, then a covariant functor F : C ~ D
 consists of,


(a) AmapA HF AofobC intoobD


(b) For every pair of objects (A, B) ofC a mapj" H F(/) of hom c (A, B)
 into homD (F A, F B).


Also these satisfy the following conditions:


(1) Ifgo lis defined in C then F(go
I)
 = F(g) 0 F(f)
 (2) F(IA )= IFA

DefInition 1.5.33. A contravariant functor from C to D is defined to be a covariant
functor from CoP to D.



(17)Defmition 1.5.34. Let / and g be C- morphisms from A to B.A pair (E, e) is called an
 equalizer in C of / andg if (I)e: E ~Ais a C- morphism (2)/«e
=
goeand (3) for
 any C- morphism e' : E' ~Asuch that /0
e' = go e',there exist a unique C- morphism


e:
 E' ~Esuch that e' =
eoe


Defmition 1.5.35. Let 
{Aal
a EA} be an indexed set of objects in a category C we
 define a product TIA
a of the Az
 to be a set {A, Pal a EA} where A E ob C,
 P a E hom e (A, Az)
 such that if B E ob C and / a E hom e (B, Az),
 a E A then there
 exist a unique f E hom e (B, A) such that P a 0 / = / a .

Result 1.5.36. A category C is complete if and only if it has equalizers and products over
 arbitrary sets of objects.


Defmition 1.5.37. Let C and D be two categories and F and G be two functors from C to
 D. Then a natural transformation TJ from F to G is a map that assigns to each object A in
 C amorphism TJA E hom0 (F A, G A) such that for any object A, B of C and any /


Ehome (A, B) we have G(f)o TJA 
=
TJB 0 F(f).

Deflnltion 1.5.38. Let A and X be categories. An adjunction from X to A is a triple
 ( F, G, q» :X ~ A , where F and G are functors X ( G )F A while q> is a function


which assigns to each pair of objects xE X, aE A a bijection q> 
=
 <Px a:.
 A( Fx, a ) ==

X(x,Ga).



(18)Here A( Fx,a)is a bifunctor XJP x A F x Id ) AOPx A hom)set which sends
 each pair of objects (x, a) to the horn-set A( Fx, a) and X(x, Ga) is a similar bifunctor



XJP
 x A -eset,The naturality of the bijection <p means that for all k:a~a' and h: x' ~x
 boththe diagrams:

A( F x,a) <p ) X(x, Ga) A( F x,a) <p ) X(x, Ga)



k·l l(Gk). (Fh)'l 1
h' (I)

A( Fx, a') <p ) X(x, Ga') A( Fx',a) <p ) X(x',Ga)


commute. Here k- = A(F x, k) and h· = X(h, G a)


Remark 1.5.39. Adjunction may also be described as bijections which assigns to each
arrow f: F x ~ a an arrow <p
1 :
 x ~ G a the right adjunct of f, such that the
condition of (I) <p(I
of h)=
<p1
oh, <p(k 0I) =
 G k» <p1
 hold for all1
 and all arrows
h: x' ~x and k:a~a' .Given such an adjunction, the functor F is said to be a left adjoint
forG, while G is called a right adjoint for F.


(19)
CHAPTER 2 FUZZY FRAMES
0

2.1 Introduction


In this chapter we generalise the concept of Frame in to a Fuzzy Frame and
 some results related to that are obtained.


2.2 Fuzzy Frame


We give the following definition forfuzzyframe.


Defmition 2.2.1. Let F be a frame; then a fuzzyset 
J.l :
F~ [0, I] of F is said to be a
 fuzzyframe if,

(FI) J.l(V S) ~ inf
{J.l
(a) I
aeS} for every arbitrary ScF
 (F2) J.l(
aA b) ~ min {J.l
 (a), J.l
 (b)} for all a, b e F

(F3) 
J.l( e
F) = J.l
 (OF) ~J.l(a) for all ae F, where e
Fand OF are respectively
 the unit and zero element of the frame F.

Example 2.2.2. Let 
J.l
a be a fuzzy set ofI=[O, I] defined by,

a, x=O,I


a I



J.l
 (x) = x, °
<x;:s;-2

I-x, I


-<x<I
 2


where a is some chosen element in (
t
,I]

Then 
J.l
a is a fuzzy frame ofl.

o Some of the resultsinthis chapter were accepted for publication in the Journal Tripura Mathematical Society



(20)Example 2.2.3. Consider the set R of real numbers with usual topology r ,which is
 a frame. Let 
J.l
be a fuzzy set in r
 defined by,


J.l(u)
= {l



2'


where u 
er


Then 
J.l
 is a fuzzy frame oft .

Example 2.2.4. Let F be a frame with n elements. Let (FJi= 1, 2, __ ., 2m be a strictly
 increasing chain of subframes of F where F1
=
{eF,OF }
and F2m=
F. Define fuzzy
 setsJ.l
 andA
on F as follows,


u,
F~ [0,1] such that


1 ~+1'


ifxeF2k+1-F2k _ 1fcck=I,2, ... .m-l



J.l
 (eF) = J.l ( OF)= I, J.l(x)=
 1 .

2m+l' if x e F2m - F2m - 1



A:
F~ [0,1] such that

Then
J.l
 and A
 are fuzzy frames ofF.

Proposition 2.2.5. If 
J.l
 is a fuzzy frame of F then J.l
t is a sub frame of F for any t e I

Proof. For arbitrary {3ih e A 
c J.l
t we have J.l(V 3i) ~ t, since J.l
 is a fuzzy frame and


(21)/.l(a.)~ t for all i , Hence V a,e 
f.l
t-Similarly for all a, be f.l
t we have aAb e f.l
t-Also
 clearly e
p, 0 p e f.lt Therefore f.l
t is a subframe ofF.

Remark 2.2.6.IfEis a subset of a frame F thenEis a sub frame of F if and only if
X
Eis
 afuzzy frame ofF, whereX
Eis the characteristic function ofE.

Defmition 2.2.7. Let 
f.l
 be a fuzzy frame and ,u.
be a level subset of the frame F for
 some te I witht~f.l( e
p) .Then f.l
t is called a level subframe ofF.

Denote 
,u
t >u', if ,u
t:::> Jl:
.Now since t < l' if and only if,u.
>,u'.
for any t, t'
 in f.l(F) every fuzzy frame of a frame F gives a chain with level sub frames ofF,

{Op, ep}= f.llo 
<f.l
t)< ... <f.ltr=Fwheretjelmf.l and to>t1> ... >tr.

Since all subframes of a frame F usually do not form a chain we have not all sub frames
 are level sub frames ofthe same fuzzy frame.


We shall denote the chain of level subframes of a frame F by 
r
 p (F).

Defmition2.2.8.Let X be the set of all fuzzy frames of F, the relation" - " in X defined
 by u : 
fl
 if and only if for all x,ye F, J.l(x) > J.l(y) ~ fl
(x) >fl
(y). Then" - " is an
 equivalence relation on X.

Proposition2.2.9.Let J.l and 
fl
 be two fuzzy frames of a frame F then J.l - fl
 if and

only ifI' p (F)= 
r
 p' (F).


(22)Proof. Let J..ltE
r
 JI(F) and take t'= inf {p
(a) I
a e J..lt} then JlI =Jl:. Similarly if
 ,u~E r
 JlI (F) and t = inf {J..l (a) I
aE Jl;} then Jl~ = JlI • Hence r
 JI (F)= r
 JlI (F).

Conversely for any x, y inF if J..l(x) > J..l(y) then y~ J..l JI(x)
=
Jl; and p
(y)< t ~ J..l(x) it
 follows that p
 (x) >p
(y). Similarly p
(x) >P
(y) implies that J..l(x) > J..l(y). Hence


/-l-p.


Note 2.2.10. Thus two fuzzy frames J..l and 
17
 of a frame F are said to be equivalent if
 theyhave the same family oflevel subframes otherwise J..l and 17
are non-equivalent.

We shall denote the equivalence class of J..lby [J..ll.


Proposition 2.2.11. Iftwo equivalent fuzzy frames J..l and 
17
of a frame have the same
 image sets then J..l= 17.


Proof. Obvious.


Proposition 2.2.12. If each non-empty level subset JlI, tE I of a fuzzy set Jl is a
 subframe of F, then Jl is a fuzzy frame of F.


Proof. Given JlI = {XE F 
I
J..l(x) ~t}, t El is a subframe of F. III being a subframe
OF, e
F EJlI , t El. In particular we have 0 F, e
F EJ.Lr
 where T the largest element of I
such that JlT "#r).
 Hence J..l(e
F) = J..l (OF) = T ~J..l(a) for all aE F. Now let S an
arbitrary subset of F and let t =
 inf{J..l (a)I
a E S }. Clearly we have S c JlI hence


(23)V Se
u,
 and therefore f.l(V S) ~ inf{J.l
 (a)}1 aeS}. Similarly for all a, be F we have
 f.l( a" b) ~ min {J.l
 (a), f.l (b) }. Hence J.l
 is a fuzzy frame ofF.

Theorem 2.2.13. Let 
J.l
 be a fuzzy subset of a frame F. Then J.l
 is a fuzzy frame of F if
 and only if each non-empty level subset Il, of J.l
 is a subframe of F.

Proof. Follows from Proposition 2.2.5 and Proposition 2.2.12.


Theorem 2.2.14. Let F be a frame of finite order then there exists a fuzzy frame f.l of F
 such that 
r
 Jl (F) is a maximal chain of all subframes ofF.

Proof. Since F is frame of finite order, the number of sub frames of F is finite. So there
 exists some maximal chain of subframes of F.


Take Fo= {OF, 
e
F } < F) < F2 < ... <Fn=F. (1)
 Now define J.l(Fo)={I} and J.l(Fi+1\F0 = e/i+1} for any i,O~ i < n. Clearly J.l
 is a fuzzy
 frame ofF and is given by the chain(1).

Remark 2.2.15. If F is a frame of finite order and 
J.l
 a fuzzy frame of it then r
 Jl (F) is
 completely determined by J.l
 and conversely for any finite frame F and the subframe
 chain{OF, e
F}< F) < F2< ... < Fn= F there exists an equivalence class of fuzzy frames
 of F such that r
 Jl (F) is the above chain.

Remark 2.2.16. If [f.l]
*
[0] then there exists a fuzzy frame 1]of F in [f.l] such that
T/(eF) =
1](OF)=
1.


(24)Theorem 2.2.17. IfH is a subframe of F, 
J.l
 a fuzzy frame of F and 11
is restriction of J.l


toHthen 
11
is a fuzzy frame ofH.

Proof. Obvious


Theorem 2.2.18. Let {la 
I
aeA} be a collection of subframes of F such that
 i)

ii)


F= 
U
I

aeA a


s > t if and only if Is C It for all s, te A where Aa collection of
 elements in [0,1].


Then a fuzzy set 
J.l
 defined on F by J.l
 (x)=
sup { te A I
xeIt } is a fuzzy frame ofF.

Proof. By Proposition 2.2.12 it is enough to show that non-empty level sets


Pt 
=
{xe FI J.l(x)
 ~t}, t eI are subframes of F. We have the following two cases,
 Case-I. t= sup { se A I
s<t }

ae Pt <=> ae {xe F
I J.l(x)
 zt}<=> ae I for all s<t <=> ae n
 I

s s<t s


Therefore Pt = 
n
 I is a subframe ofF.

s<t s


Case-II. t ;t:sup {se A 
I
 s<t}

In this case Pt = 
U
 I . For if ae U
 I then ae I for some s ~ t.

>t S >t S S


s_ s_


Hence we have 
J.l
 (x) ~ s ~t.Therefore x e J.lt
and hence U
 I ~ Pt.

>t S


s_


Now suppose x ~ 
U
 I .Then xe
I for allszt.

>t s S


s_



(25)Since t 
*
sup { seA I
s < t } there exist 8'>0 such that ( t- 8',t)nA=; .


Hence x ~ I for all s ~ t-s ,Thus P (x) < t-8'< t and so x ~ PI.


S


Therefore U I ~ #t


>t S •
 s_


Thus #t = 
U
 I which is therefore a subframe ofF.

>t S


s_


Combiningthe two cases we have the required result.


Defmition 2.2.19. Let 
P
 be any fuzzy subset of the frame I' then the fuzzy frame
 generatedby P in I' is the least fuzzy frame ofF containing P and is denoted by(jJ >.


Theorem 2.2.20. Let P be a fuzzy set of the frame I' then 
(jJ>
(x) = V {tI
x e ( #I) }


for all xeF, where ( #1) is the subframe of'F generated by #t .


Proof. Let 1]be any fuzzy frame of the frame I' defined by 1](x)
=
V { tI
x e ( #I) }
for
 all xeF. Then for any arbitrary ScF we have for all xe S, 1](x)~ inf{ 1](y)I
ye S}.Now

Se ( #
I)
 => V S e ( # t) ,
hence 1](V S) ~ inf{ 1](y) lye E}. Also for x, yeI' let

E ( #t) ,hence 1](XA y) ~ t1At2.


Again since 
e
F, 0 F e (Jl
I) for all t such that #I *;
 it follows that
 TJ(e
F)=1](OF)~1](x) for all xeF. Thus 1] is a subframe of'F.

LetP(x)= t, then x e #t 
c (Jl I)
and thus 1](x)~ P(x).Hence 1]~ ( 11 ) since


(26)
( f.J)
 is the smallest fuzzy frame of F which containing u.
 Now let r
 be any fuzzy
 frame ofF such that r
;;2Jl
then r,
;;2Pt
 and so r,
 ;;2 ( Pt)
 for all t. Hence r
::>n.


Thus 1]= ( 
p).
 Therefore the result follows.

2.3 Homomorphisms


Theorem 2.3.1. Let L and Mbe two frames, ~a frame homomorphism from L onto M
 and 
Jl
 a fuzzy frame ofM, then 2= Jl
0<I>is a fuzzy frame ofL.

Proof. Let S be an arbitrary subset ofL. Now ~(Y S)e M and equal to V {~(a) 
I
ae S}.

Since
Jl
is a fuzzy frame by Definition 2.2.1,


Jl
 0<1>(V S)= Jl{Y {~(a)I
aeS}} ~ inf{Jl(~(a» I
aeS }.

Also for all a, beL, 
Jlo<l>
(axb)= Jl{~(a)A~(b)} z
min {Jl(~(a», Jl(~(b»}.

AgainJl(~(OL» = Jl(~(eJ). Therefore 
2
 is a fuzzy frame ofL.

Defmition 2.3.2. Let 
2, Jl
be fuzzy frames of frames L and M respectively. Ifthere is a
 frame homomorphismj'fromLontoM such that 2= Jl
o/then we say 2
 is homomorphic
 toJl
and is denoted by / -I (Jl).


If f is an isomorphism then we say that 
Jl
and 2
 are isomorphic.

Lemma 2.3.3. Let f be a homomorphism from a frameL on to a frameM and let 
Jl
 be
 anyfuzzy frame of Mthen (f-I(p}}t= f-I( Jl
t ) for every teI.

Proof. Let x L



(27)Remark 2.3.4. Theorem 2.3.1 follows also from above lemma since the homomorphic
 preimage of subframe is a subframe and again by Theorem 2.2.13 if 
Jl
 is any fuzzy
 frame of the frame F then every non-empty level subset of Jl
is also a sub frame of F.

Theorem 2.3.5. Let f : L-. M be a homomorphism between framesL and M. Then for
 everyfuzzyframe Jl ofL, f(Jl) is a fuzzy frame of M.


Proof. Define for all yEM,


f(Jl)(y) 
=
 {sup{,u(x)I
xEf-1(y)} , if r'i» #:"


0, otherwise


Now for any arbitrarySe M we have,


f(Jl)(V S)= sup{Jl(x)1 XE f-1(VS)}


~ inf{sup{Jl(x)1 XE f-l(y)}} = inf {f(Jl(y»}.


yeS


Again for all a,b EM we have,


f(Jl)(aA b) = sup { Jl(x)1 XE f-1(a Ab)}


~ min{sup(Jl(X)\XE f-1(a», sup(Jl(X)IXE f-1(b»}


= min{f(Jl(a», f(Jl(b»}.


Also f(Ji) preserves the unit and the zero elements ofM.


Hence f(Ji) is a fuzzy frame ofM.



(28)Theorem 2.3.6. Let F be a frame of finite order andf.. F--+Ft be an onto homomorphism.


Let
J.l
 be a fuzzy frame ofF with ImJ.l={1{), t...,to} and1{» t1> ... >tn-If the chain
 oflevel subframes of f.J is {OF, eF}= Pto
 ~ f.Jt l c ...
 ~ f.Jlu = F. Then the chain of
 level subframe of f(f.J)will be {O p', ep'}= f(f.Jto )
~ f(f.Jtl ) c . ..
 c f ( f.Jlu ) =Ft,

Proof. Given F is a frame of finite order. We have f (f.J) is a fuzzy frame of Ft by


Theorem 2.3.5. Also clearly Imf ( f.J)cImf.J. Now f(f.J\ =
tcu
~) for eachtiElm f(f.J).

For let yE f (f.J)t- then f (f.J)(y) ~tj by definition of level subset. Hence sup {f.J(x)1


1


XE I-I(y)}~tj follows from the proof of Theorem 2.3.5. Now choose XoEF such that
 f(Xo)= yE f(f.J ~infollows that f(f.J)t-~f(f.J~)


1


Let f'(x)« f(f.J~).ThenX Ef.J~ hence f.J(x)~ ti which implies


(1)


sup{J.l(Z)
I
ZE f-I(f(x»} ~ti which implies f(f.J)(f(x» ~ti by Theorem 2.3.5. Hence
 f(X) E f(f.J)t. by definition of the level subset.

1


Itfollows that f(f.J~)c f(f.J)t-


1


From(1)and (2) we have f(f.J\= f(f.J~)


Also iff.J~ 
c
 f.Jtj then f(f.J~)~ f(f.Jtj) for ti, ~E Imf.J.

Combining (3) and (4) we have the required result.


(2)
(3)
(4)



(29)2.4 Intersection and union of fuzzy frames


Let 
p
 and A
be two fuzzy frames of F then p
~ A
means P(x) s
A(x) for all
 xeF. Let lF denote the set of all fuzzy frames of the frame F. We shall denote the
 supremum and infimum in lF by U(union) and n
(intersection) respectively.

Thus 
n
 Pi (a) = inf{J1
(a) I
 ie A} and U Pi (a) = sup{J1
(a)1 ie A} where

ieA ieA



f.L
 i elF. The greatest element of lF is F, which is the functionZ
Fand lF has no least
 element.

Proposition 2.4.1. The intersection of any set of fuzzy frames on the frame F is a fuzzy
 frame.


Proof.Wehave 
n
 Pi(OF)= n
 ~(eF)~ n
 Pi (x) for all xeF clearly.

ieA ieA ieA


Also for all x,ye F



n
 ~(xx y) = inf{~( x xy) I
 ie A} ~ inf{min(~(x), ~(y» I
 ie A}

ieA



=
min(inf{J1
(x)I
ie A },inf{J1
(y)I
ie A}) = min( n
 ~(x), n
 ~(y) )

ieA ieA


Similarlyfor arbitrary S cF we have,



n
 Pi (V S) ~ inf{ inf (J1
(x) I
ie A}= inf (inf{J1
(x)I
ie A})

ieA xeS xeS


= inf ( 
n
 f.1:(x)

xeS ieA 1



(30)Remark 2.4.2. The union of arbitrary family of fuzzy frames on a frame F need not be a
 fuzzy frame.


For consider the frame F ={X, ~,{a},{b},{a,b}} where X={a, b, c} and the
 order is set inclusion.


Consider the fuzzy sets J.L and
A
defined on F by,

1 1 1


fl(X)=J.L(~)=I, J.L({a})
=5'
 J.L({b})=2' J.L({a,b})=3

ClearlyJ.L and
A
are fuzzy frames.

2 1


Here (flU A)(X)= (J.LU A
X
~)=1, (J.LUA)({a})=-, (J.LU A)({b})=-,

3 2


(fl
U
A)({a,b})=! .
Now J.LUA is not a fuzzy frame as,
 3


(flU
 A)({a}v {b})=(J.LU A)({a, b})= !
<inf{( J.LU A)({a}), (J.LUA)({b})}

3


Remark 2.4.3. The union of any chain of fuzzy frames is clearly a fuzzy frame. We can
 also have two non-comparable fuzzy frames such that their union is a fuzzy frame. For
 consider Example 2.2.4 where we have J.L and
A
are fuzzy frames of F such that neither
 fJ s A
nor A s
 J.L. Also J.L U A
is given by ( J.L U A )( e
F) = ( J.L U A )(
OF) = 1,


(flU
 A)(X)= !
 ifxeFIt \ FIt-I for k = 2,3, ... ,2m Hence J.LU A
is a fuzzy frame ofF.

k


Theorem 2.4.4. Let (flj)j=I, 2 ...n be a finite collection of fuzzy frames of a frame F.



(31)Then 
U,u.
 is a fuzzy frame if and only if for te[O,l], ,ui(X)~tfor all xeS an arbitrary

. 1
 1


subset ofF and ,ui(X) ~ t, 
,ui(y)
 ~ t for all x, yeFimplies ,udvS) ~ tand ,uk(XAY)

~ t for some k, 1~ k ~ n.


Proof. By Theorem 2.2.13 
U,u.
 is a fuzzyframe if and only if each nonempty level

. 1


1


subset ( 
l),ui)t
 is a subframe ofF. Now ( l),u)t =l) (,u Jt
 for each te [0,1].

1 1 1


But 
l) (,u Jt
 is a subframe ofF if and only if for any arbitrary Sel)
 (j.JJt
 and

1 1


That is 
,ui
(x) ~ t for all xe S an arbitrary subset ofF and ,ui
(x) ~ t, ,ui
(y) ~ t
 for all x, yeF implies ,u
 dVS) ~ t and ,u
k(XAY) ~ t for somek, 1s
 k s
 n.

Proposition 2.4.5. IF the set of all fuzzy frames ofF under usual ordering offuzzyset
 inclusion ~ is not a complete lattice.


Proof. Since IF has no infunum the result follows.


Theorem 2.4.6. Let S be the set of fuzzy frames of a frame F such that 
,ui (e
F)=

Pi(OF)
=
1 for all ,ui
 e S. Then S forms a complete lattice under the usual ordering of
 fuzzyset inclusion ~

Proof. Let 
{,ui
 lie A} be a family of fuzzy frames of a frame F. Since n ,ui
 is the

ieA



(32)largest fuzzy frame of F contained in each Pi we set /\ u ,= 
n
 J.1,. Also since the

. A l l


le ieA


fuzzyframe generated by the union U Pi is the largest fuzzy frame containing each
 ieA



Pi
 we set . V f.Ji= ( U f.Ji),
 where ( U f.Ji)
 is the fuzzy frame generated by

leA ieA ieA



U
 Pi· Also X{°
 e }and Z F are respectively the least and greatest element of S

ieA F' F


...


Thus S is a complete lattice.


Remark 2.4.7. S is not atomic for if
P=X{
 }vatbe an atom where c , (aeF) isa
 oF' eF

fuzzy singleton, then we can find a 
i
 < t such that P'
= X{oF,' e

F


}vat' 
«u.


Theorem 2.4.8. Let fbe a homomorphism of a frame F into a frame F ', Let
{'i
lie A}

bea family of fuzzy frames ofF.


i)


ii)


If 
U
 Pi is a fuzzy frame ofF, then U
 f(p.) is a fuzzy frame ofF '.

ieA ieA I


If .U 
f
 (p ) is a fuzzy frame of F', then U Pi is a fuzzy frame ofF,

ie A ieA


provided Pi'sare f-invariant.


Proof. i) Suppose U Pi is a fuzzy frame of F. Then the homomorphic Image
 ieA



f ( U fit)
 is a fuzzy frame of F' by Theorem 2.3.5.

ieA


Nowsince 
f (
 U p.) =
 U f
 (p .) by Proposition 1.5.19 we have U f
 (p .) is a

A l . 1 ie A 1


ie is A



(33)fuzzyframe ofF '.


ii) Suppose U f (p .) is a fuzzy frame of F'. Then 
r':
 U f(p·» is a fuzzy frame

. A 1 A 1


le ie


of F by theorem 4.2. Also since 
r': U
 f(pj»= U
 f -If(p )= U Pi
 by

ieA ieA ieA


Proposition 1.5.19 we have 
U Pi
 is a fuzzy frame of F.

ieA


Theorem 2.4.9. Let fbe a homomorphism of a frame F onto a frame F ' and {Ai lie A}


bea family of fuzzy frames ofF' then the following are equivalent,


i) U A.i is a fuzzy frame of F '.


ieA


ii) U I-l(A. i ) is a fuzzy frame of F.


ieA


Proof. Suppose U A.i is a fuzzy frame of F'. Now by Theorem 2.3.1 
I-
l( U A i) is a

ieA ieA


fuzzyframe of F. Also by Proposition 1.5.19 we have1-1( U Ai) = U 1-1(A. i ).


ieA ieA


Therefore U 
r'c
 A. i ) is a fuzzy frame of F.

ieA


Conversely suppose U i-l (
A . )
is a fuzzy frame ofF,Now by Theorem 2.3.5
 ieA 1


I(
 U l-l(A..» is a fuzzy frame ofF '. Also by Proposition 1.5.19 we have
 ieA 1


I(
 U 1-1(A. i) )= U A.i .Therefore U A.i is a fuzzy frame of F '.

ieA ieA ieA



(34)2.5 Product of Fuzzy frames


Defmition 2.5.1. Let
(f..l,
 L) and ('I, M) be fuzzy frames where L and M underlying sets
 which are frame. Amorphism j: (f..l,
 L) ~('I, M) is a frame homomorphism
 f: L ~M such that f..l s
 '10f .
That is the degree of membership of x in L does not
 exceed that off(x)inM. The function f: L ~Mis called the underlying function ofJ.


,
 Defmition 2.5.2. Let 
l : (f..l,
 L) ~('I, M) and g:
 ('I, M) ~ cr.
 N) be morphisms
 then go j : (f..l,
 L) ~ ir.
 N) is a frame homomorphism go f: L ~ M such that

Let FFrm denote a category whose objects are fuzzy frames and morphisms as
 defined above. We have the following theorem


Theorem 2.5.3. The category FFrm of fuzzy frames has equalizers.


Proof. Let (f..l,L) and('I,M)be fuzzy frames.


Let 
j:
 (f..l,L) ~ ('I,M) and g:
 (f..l,L) ~('I,M) be two morphisms.

Consider L 
- 4
 M

-~g


Let K = { XELl
f
 (x) = g (x) } which is a subframe of L and let i:K~L be the
 inclusion map. Then clearly f
 0i=
goi .

Define a fuzzy set l on K as follows, for a EK let l(a)
=
,u(a).

Then
i
 is morphism from (l,K) to(f..l,
 L).


(35)If for arbitrary fuzzy frame (~, N), 
h
 is a morphism from (~, N) to (f.l, L) such that


f
 0h=goh then there exist 0:N~K such that i00=h .

Also ~ ~A0 0 as for z eN, ~(z) ~ f.loh (z) 
=
 f.l( h (z) =
 f.l( ioO(z» =


f.L( i (0(z»)
=
f.l0 i (0(z) =
A (O(z» =
(A 0 O)(z)
 Thus 8
 is a morphism from (~, N) to(A,K)
 Nowforz eN

(poi0OXz)= (J-l0i)(O(z» = J-l(i(O(z»)
=
J-l«i0O)(z» = J-l(h(z» =
(J-l0h)(z)~ ~(z)

HenceIl0i00~ ~.Therefore the result follows.


Defmition 2.5.4. Let f.la be fuzzy frame of the frame Fa for a eA.The product off.la's
 is the function f.l 
= Il
J-la defined on the product F = Il
Fa with usual order by

aeA aeA


Proposition 2.5.5. f.l = Illlais a fuzzy frame of F= 
Il
Fa

aeA aeA


Proof. We have F= {(aa)aeA
I
aae Fa for aeA}


e
F=
(eF.)a aeAand 0F= (oF.)a aeAare respectively the unit and zero element ofF.

i) For arbitraryS~Fwe have,


f.l(V S) = f.l(V {(xa)1 aeA})


x



(36)~ inf { inf {J.la( xa)} }


aeA x



=
 inf { inf{,l{,(xa )} }

x aeA


= inf J.l(x)


xeS


ii) For all x
=
(xa)aeA'Y=
 (Ya)aeA E F

= min{ inf {J.la( xa)} , inf {J.la(Ya)}}


aeA aeA


= min{J.l(x), J.l(y)}


iii) J.l(eF) 
= n P
a(eF)

aeA


= inf {J.la( eF. )}


aeA a



=
 inf{J.la(0F.)}

aeA a


= 
n P
a (OF) = J.l( OF)

aeA


also J.l(eF) = 
n
Pa(eF) = inf{J.la( eFa)}aeA

aeA



(37)
=
 IT,ua(a) for all a=
(aa)aeA eF
 aeA


=
 J.L(a)
 Hence we have the required result.

Theorem2.5.6. The category FFnn of fuzzy frames has products.


Proof.Consider a family of fuzzy frames {(J.La,Fa) 
I
 aeA}. Corresponding to the
 product F= IT
Fa we have the fuzzy frame (J.L, F) where J.L= IT
,ua .Now consider the

aeA aeA


projection (homomorphism) Pa: F~ Fa'We have J.L( (xa)aeA)= inf {J.La (xa)}. Hence
 aeA


Therefore 
Fa
is morphism from (J.L, F) to(J.La, Fa)for aeA.

Now for arbitrary fuzzy frame (~, M ) if 
u
a is a morphism from (~, M ) to

ae Aand zeM. Now O(z)= (Ua(Z» is a frame map as ua for ae Aisaframemap.


Also for z e M we have ~(z) ~
J.L
a0 Ua(z) for all ae A and hence,

~(z) 
s
 inf J.L
a(ua(z) = inf {,l{, (O(z»a } = J.L(o
(z) = J.L0 O(z).

aeA aeA


Hence ~ ~ J.L0 O.Thus 
0
 a morphism from (~, M ) to(J.L,F ).


(38)Clearly Pa 00
=
ua for all aE A

Hence ~ ~ f.1a0 Pa 0 0 .


Thus for each family (f.1a, Fa )aeA of fuzzy frames there is a fuzzy frame 
cu,
 F)

and morphisms 
P :
a (f.1, F) ~(f.1a,Fa)such that for any fuzzy frame (~, M) and family
 of morphisms iia:(~,M) ~ (f.1a, Fa)there is auniquemorphism 8
 :(~,M) ~(f.1,F)

Therefore the result follows.


Theorem 2.5.7. The category FFrm of fuzzy frames is complete.


Proof. Follows from Theorem 2.5.3 and Theorem 2.5.6. o


Theorem 2.5.8. Let f.11 and f.12 be fuzzy sets of frames F1and F2respectively such that


/11xf.l2 is a fuzzy frame of FIx F2• Then f.11 or #2 is a fuzzy frame of F1 or F2


respectively.



(39)
,


respectively the unit and zero elements of the frame FIx F2•


Now f.Lt xf.L2(X, y) = inf {Jlt(x), f.L2(y)} for all(x,y) eFI x F2by Definition2.5.3.


Now for arbitrary Sc FI we have


= inf{f.Lt(x)}


XES


For all x, y e FI we have,



(40)J.lI (XAY) = J.lIxJ.l2(xAY, eF2)


= J.lI XJ.l2
«
X, eF2)A(y, eF2»


~ min {J.ltXJ.l2(X, eF), J.ltXJ.l2(y, eF2)}


= min{J.lI(X), J.lIO')}


Now f.JI(eFt)
=
J.lI XJ.l2 (eFt' eF2)~ J.lI XJ.l2(X, eF2)=
J.lI(x) for all X e FI
 Also f.JI(OFt)= J.lI XJ.l2 (OFt' eF)= inf{JlI(OF) , J.l 2(eF)}

Iff.J 2(eF)
=
J.lI(OF) then

,u)(OFt)= inf{J.l2(eF), J.l2(eF)}= J.l2(eF)~ J.lI(x) for allX e FI
 Iff.J 2(eF)
=
J.l 2(OF) then

f.J)(OFt) 
=
 inf{J.lt(OFt), J.l2(OF)} =
 J.llxJ.l2(OFt, 0F2) =
 J.ltxJ.l2(eFt'eF2)


=
inf{JlI(eFt), J.l 2(eF)}= J.lI(eFt)

Thus f.JI(eFt)=J.lt(OFt)~J.lI(X) foralIx e FI


Therefore 
f.J
I is a fuzzy frame of'F]. (1)

Now let J.lI(x)5: J.l 2(eF) is not true for all x e FI. That is if J.lI(x)>J.l 2(eF)for all


x eFIthenJ.l2O')5: J.l 2(eF) for all y e F2•


Thereforefora11ye F2 , J.llxJ.l2 (eFt'Y) 
=
inf{J.lI(eF) , f.J 2(y)} = J
I2(y)


(41)Now for arbitrary Sc FI we have


Similarly for all x, y E F2we have 112 (x1\y) ~ min {1l2(x), 1l2(y)}


Therefore112 is a fuzzy frame ofF2_


Hence from (1) and (2) either III or 112 is afuzzy frame of F, or F2respectively,


(2)



(42)Theorem 2.5.9. Let J.La be fuzzy set of the frame Fa for a E A such that 
n P
a IS a

aeA


fuzzy frame ofF
- = n
Fa .Now for xaEFa (aE A) if J.La(eFa)= J.La(OFa) ~ J.La(xa)
 aeA

and zero element of the frame Fa then J.Lais a fuzzy frame of Fa for all a EA.


all (xa)aeA EF where (eF. )aeA and (oF. )aeA are respectively the unit and zero


a a


elements of the frame F.


Now for y EFa consider (yp)peA EF where Yp= { y
 eFp


Then for ally E Fa' 
TIp
p ((yp)peA)= inf {J.Lp (Yp) }= J.La(y)

tEA peA


Consider a E A


Now for arbitrary SeFawe have,


if 
p=
 a

otherwise


if 
P=
 a

otherwise


if 
P=
 a
otherwise


(43)
=
 inf{,ua(X)}

xeS


Similarly it can be shown that for all x, y E Fa


{
 XAy


,ua(XAy)
= ITp
p ((yp )peA)where Yp=

fleA eFp


~ min{,ua(x), ,£{z(y)}


Hence the result follows.


if 
p=
 a
 otherwise

o


Letf be a homomorphism on a frame F. If ,u and a are fuzzy frames of the
 frame f(F) then ,u x a is a fuzzy frame off(F) x f(F). The pre image ,uofand a ofare
 fuzzy frames ofF and(,u x a)o(J,f) a fuzzy frame ofF x F. We study this relation.


Theorem 2.5.10. Let F be a frame and fa homomorphism on F. Let ,uand a be fuzzy
 frames of the frame f(F) then ,uof x a of
=
 (,u x a)o(J,f)

Proof. For all(XI, X2) EF x F we have,


o



(44)The relation between images of product of fuzzy frames of a frame F is given as
 follows.


Theorem 2.5.11. Let J.l and a be fuzzy frames of the frame F. If f is a
 homomorphism on F, the productf ( J.l ) x f ( a ) and ( f , f)( J.l xa ) satisfies
 (J, f)(J.l xq) c f( J.l )xf( a ).


Proof.f( J.l) andf( a ) are fuzzy frames off( F ) andf( J.l) xf( a )is a fuzzy frame
 of (J,
f )(
F x F)=
f( F) x f( F ).

Now for each Y= (YI, Y2) e
f(F)
 xf(F)
 we have,

[(J, f)(f.l xq)](y) = sup{(f.l xq)(x)
I
x e F-1(y)} where F= (f, f)

and x= (XI, X2)


= sup {inf(J.l(XI), a (X2»
I
(x., X2) e F 1(y)}


s
 inf( sup {J.l(XI) I
x, e f-1(YI)},sup {q(X2) I
X2 e f-I(Y2)} )


=
 inf{f(J.l(YI» ,f( a (Y2» }

= (f(J.l) xf(q»(y)


That is[ef, f)( F x F)](y) ~ (f(J.l)xf(q»(y) for allyef(F) xf(F)


Therefore the result follows. o



(45)
CHAPTER 3



FUZZY QUOTIENT FRAMES AND FUZZY IDEALS


3.1 Introduction


The operations of binary meet and arbitrary join on a frame F induce, through
 Zadeh's extension principle new operations on the partial ordered set If. We define a
 fuzzy quotient frame of F to be a fuzzy partition of F that is a subset of
t
 and having a
 frame structure with respect to new operations. We also study regarding fuzzy ideals on a
 frameF.

3.2Extended Operations


The operation of binary meet /\ and arbitrary join V on a frame F can be
 extended by means of Zadeh's extension principle to operation A and 
V
 on If as
 follows,

(Jli\ Y)(x)= sup{Jl(y) /\ Y(z)
I
y,Z E F and y /\z=
x}


( V
 Jla)(x)= sup{ /\ Jla (xa)I
xaE F and V x = x}

aeA aeA aeA a


for all
u, Y,
Jla EIfandXE F.

(1)


The original operation /\ and V on a frame F can be retrieved from A and V by
-


embedding F intoIf as the set of all fuzzy singletons each of which is a fuzzy set I,E If
which takes the value 1 at xE F and 0 elsewhere. Also 
J.lo, Pe:
F~I given by J.lo
(x)= 0
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