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(2)Let X1,X2, . . .Xn be iid with common p.m.f. or p.d.f. fθ(x).


Lx(θ) = Likelihood function of θ.


Consider the problem of testingH :θ∈ΩH against


K :θ∈ΩK(⊆Ω−ΩH) ; where Ω : parameter space and ΩH : Parameter
 space under H.


The likelihood ratio(LR) criterion is defined as λ(x) =
 sup


θ∈ΩH
 Lx(θ)


sup


θ∈ΩH∪ΩK
Lx(θ).



(3)Note: 0≤ sup


θ∈ΩH


Lx(θ)≤ sup


θ∈ΩH∪ΩK


Lx(θ)
 i.e. 0≤λ(x)≤1.


[An alternative form of LR criterion: λ1(x) =
 sup


θ∈ΩH


Lx(θ)


sup


θ∈ΩK
 Lx(θ).


Naturally here 0≤λ1(x)<∞.This form is seldom used; may be due to
the fact that here the LR criterion is unbounded above]



(4)A Discussion:


1. H is true =⇒ numerator and denominator of λ(x) will coincide.


So λ(x) = 1 should imply that H is true trivially.


Even a high value (close to 1) of λ(x) : evidence in favour of
acceptance ofH.



(5)On the other hand


2. H is not true =⇒ the denominator ofλ(x) will give the supremum
 value ofLx(θ) because in that case• the most likely value of θ,if
 exists, will lie within ΩK and hence• within ΩH∪ΩK but• not
 within ΩH.


=⇒ the numerator will be significantly less compared to
 denominator.


=⇒ λ(x) will be significantly low (close to 0).



(6)This discussion can easily motivate us to frame the critical region as
 follows.


Critical region: λ(x)<c,wherec is 3size of the test isα.


[or λ1(x)<c1,if the LR criterion is λ1(x)]


Note. If the distribution ofλ(x) is discrete, randomised test may be used.


Note. LRT entertains any kind of null and alternative hypotheses; simple
as well as composite.



(7)Note. Under simple null versus simple alternative hypothesis, LRT⇐⇒


Most Powerful Test using NP Lemma


Proof.LetH :θ=θ0(known) versus K :θ=θ1(known) [i.e. Simple null
 versus simple alternative]


Let X1, . . . ,Xn ∼pmf or pdf fθ(x)


=⇒ sup


θ=θ0


L(θ) =fθ0(x) and sup


θ=θ1


L(θ) =fθ1(x)



(8)The LRT =⇒


λ1(x) =
 sup


θ=θ0


L(θ)
 sup


θ=θ1


L(θ) <c


⇐⇒ fθ0(x)
 fθ1(x) <c


⇐⇒ fθ1(x)
 fθ0(x) >k





= 1
 c





−→ the MP Test from NP Lemma.


Proved



(9)Note. If∃a sufficient statisticT(X) based on X,then λ(x) is a function
 of T(X).


Proof. Using Neyman-Fisher Factorisation Theorem, we can write
 λ(x) = supθ∈ΩHLx(θ)


supθ∈ΩH∪ΩKLx(θ) = h(x) supθ∈ΩHgθ(T(x))


h(x) supθ∈ΩH∪ΩKgθ(T(x)) =u(T(x));


a function of T(x). Hence proved.



(10)Ex. Let X1,X2, . . . ,Xn∼N(µ, σ2) independently.


To test H:µ= 0 versus (a) K1:µ6= 0 and (b) K2 :µ >0.


Lx(θ) = (2π)−n/2(σ2)−n/2exp


"


−


n


X


i=1


(xi −µ)2/2σ2


#


(a) ΩH ={(µ, σ) :µ= 0, σ >0}; ΩH∪ΩK1 ={(µ, σ) :µ∈ R, σ > 0}



(11)Under ΩH∪ΩK1; ˆµ=x; ˆσ2= 1n


n


X


i=1


(xi −x)2


Under ΩH; ˆσH2 = 1n


n


X


i=1


xi2


LR criterion


λ(x) =
 σˆ2


σˆ2H


n/2


=




















n


X


i=1
 (xi−x)2


n


X


i=1


(xi−x)2+nx2




















n/2


=




















1 + n nx2
 X


i=1
 (xi−x)2




















−n/2


.



(12)Critical region:


λ(x)<c ⇐⇒




















1 + n nx2
 X


i=1
 (xi−x)2




















−n/2


<c ⇐⇒


√n|x|


rX


(xi−x)2


>c


⇐⇒


√n|x|


s >tα/2,n−1 where s2= n−11


n


X


i=1


(xi−x)2
 This is UMPU test with test statistic tH =


√n|x|


s which, under H,follows
t-distribution with n−1 degrees of freedom.



(13)(b) ΩH∪ΩK2 ={(µ, σ) :µ≥0, σ >0}


ˆ


µ = x if x≥0


= 0 if x<0
 So ˆσ2 = 1n


n


X


i=1


(xi−µ)ˆ 2


λ(x) = 1 ,x <0 (case of trivial acceptence of H)


=


















 1 +


n


X


i=1


(xi −x)2
 nx2




















n/2


,x ≥0


√



(14)Ex. Let X1,X2, . . . ,Xn be n independent bernoulli(p) variables. Suppose
 we are to test


H :p ≤p0 versus K :p>p0.


Here ΩH ={p : 0≤p≤p0} and ΩH∪ΩK ={p: 0≤p ≤1}.


Under ΩH∪ΩK, the ML estimate of p is the sample meanx and hence
 the supremum of the likelihood is


sup


ΩH∪ΩK


L(p) = (x)nx(1−x)n(1−x).



(15)Under ΩH i.e. underp ≤p0, MLE of p is
 ˆ


p = x , x ≤p0


= p0 , x>p0 (Restricted MLE of p)
 Hence sup


ΩH


L(p) = (x)nx(1−x)n(1−x) , x ≤p0


= (p0)nx(1−p0)n(1−x) , x >p0


=⇒ λ(x) = 1 , x ≤p0


= (p0)nx(1−p0)n(1−x)


(x)nx(1−x)n(1−x) , x ≤p0



(16)So λ(x) = 1 for x ≤p0 but λ(x) = (p(x)0)nxnx(1−p(1−x)0)n(1−x)n(1−x) ≤1 for x >p0.


=⇒ λ(x) ↓ x


Thus the LRT critical regionλ(x)<c ⇐⇒ x >c1 or equivalently
 Xxi >c2, wherec2 is3


sup


H


Pp


hXXi >c2


i


≤α i.e. sup


p≤p0


Pp


hXXi >c2


i


≤α
,α being the given level of significance.



(17)In this case X


Xi ∼Bin(n,p) distribution.


Now we know Pp[X


Xi >k] =Ip(n−k,k+ 1), where


Ip(n−k,k+ 1) = (B(n−k,k+ 1))−1


p


Z


0


un−k−1(1−u)kdu


B(n−k,k+ 1) being the Beta integral and Ip(n−k,k+ 1), the
 incomplete Beta function.


As Ip(n−k,k+ 1)↑ p (evident from the definition of Ip(n−k,k+ 1))


=⇒ sup PphX


Xi >c2i


=Pp0hX


Xi >c2i


≤α.



(18)Thus the LRT for testingH :p ≤p0 against K :p>p0 is
 RejectH ifX


Xi >c2, wherec2 is the smallest integer 3
 Pp0


hXXi >c2


i


≤α.


Note : In this case the LR test coincides with the UMP test.



(19)Ex. Let X1,X2, . . . ,Xn∼R(0, θ) independently. Then
 Lx(θ) = 1


θn if x(n)≤θ


= 0 o.w.


Let H:θ=θ0 versus K :θ6=θ0.


Under ΩH∪ΩK ; ˆθ=X(n).Hence the LR criterion is
 λ(x) = supθ∈ΩHLx(θ)


supθ∈Ω


H∪ΩKLx(θ) =


1


θn0Ix(x(n), θ0)


1
 x(n)n


= 0 if x(n)> θ0


(case of trivial rejection of H)


=


x(n)n


ifx ≤θ



(20)Now the LR test: 0 ≤ λ(x) < c


where c is determined from size-α condition.


⇐⇒ LR test: x(n)<d orx(n)> θ0


where d is determined from size-α condition.


=⇒ LR test: x(n)< θ0 α1/n or x(n)> θ0.
This is an UMP size-αtest.



(21)Ex. A random sample of size n is taken from the p.m.f.


P(Xj =xj) =pj, j = 1,2,3,4, 0<pj <1.Find the form of LR test of
 H0 :p1 =p2=p3 =p4 = 14 against


H1 :p1 =p2=p/2, p3=p4 = (1−p)/2, 0<p <1.


Let nj = # times the value xj appears in the sample of sizen (fixed).


Obviously


4


X


i=1


nj =n.


Also n= (n1,n2,n3,n4)0 ∼MN(n;p1,p2,p3,p4),


4


X


i=1


pj = 1.



(22)Then under H0 the likelihood function is
 LH0(p|n) =C(n)· 14n


; a constant, where C(n) = n n!


1!n2!n3!n4!


Similarly LH1(p|n) =C(n)·pt(1−p)n−t wheret =n1+n2.
 Now it is not difficult to get that the maximum of LH1(p|n) is


C(n)


nn ·tt(n−t)n−t which attains at p= nt.



(23)Now the LR : λ(n) = C(n)·(14)n


C(n)


nn ·tt(n−t)n−t


=⇒ the critical region based on the LR criterion is{λ(n))<K1}


⇐⇒


 (n4)n


tt(n−t)n−t <K1
 


⇐⇒ {ψ(t)>K2}


where ψ(t) =tlnt+ (n−t) ln(n−t),andK1 andK2 are suitable
constants.



(24)Now check that ψ(t) is minimum at t = n2 andψ(n2 −t) =ψ(n2 +t) ∀t.


This is evident also from the following graph:



(25)
(26)So {ψ(t)>K2} ⇐⇒ {t <K or t>n−K}
 where the constantK is 3


PH0[T <K]≤α/2 but PH0[T <K + 1]> α/2


with T =n1+n2 H∼0 Bin (n,1/2) (from the marginal distribution of
multinomial distribution).



(27)TRY YOURSELF!


M9.1. Based on a random sample of size n from a Poisson (λ) distribution,
 give an LRT for testing (a) H:λ= 2 versusK1:λ6= 2 and (b)
 H :λ≥2 versus K2 :λ <2


M9.2. A die is tossed 60 times in order to test


H :P{j}= 1/6,j = 1,2, . . . ,6 (i.e. die is fair) against
 K :P{2j−1}= 1/9,P{2j}= 2/9,j = 1,2,3.


Provide the LR test.



(28)TUTORIAL DISCUSSION :


Overview to the problems from MODULE 9. . .


M9. 1. In part (a), ΩH ={λ= 2}, a singleton set and


ΩH∪ΩK1={λ: 0≤λ <∞}; the unrestricted parameter space ofλof
 which the sample meanx is the MLE.


In part (b), under ΩH ={λ≥2}; a restricted parameter space ofλ, the
 MLE ofλis


λˆ = x , x ≥2


= 2 , x <2


Now proceed straightway as discussed in the worked-out examples.


M9. 2. The solution is very similar but comparatively little easier to the





    
  




      
      
        
      


            
    
        References

        
            	
                        
                    



            
                View            
        

    


      
        
          

                    Download now ( PDF - 28 Page - 514.11 KB )
            

      


      
      
        
  Related documents

  
    
      
          
        
            As At 3 1 . 0 3 . 2 0 1 4
        
      

        whether during  the previous  year, any part of the income  accumulated  or set apart for specified  purposes  under  section  11(2)  in any earlier  year'  -.. (a)  has been applied

    
      
          
        
            SAME AS 
        
      

        Course Number: BBM305, Course Title: PRINCIPLES OF MARKETING I  Class: B.B.M., Status of Course: MAJOR COURSE, Approved since session: 2008-09  Total Credits:3, Periods(55

    
      
          
        
            AS ON 17-2-2021 
        
      

        Rainfall received during the period from June to September, 2020 is 1078.3 mm as against the  normal of 720.4 mm showing deviation of 50%, over all status being excess..

    
      
          
        
            AS ON 3-7-2019 
        
      

        The Department is taking all necessary steps to make available required quantities of  various crop seeds and fertilizers to the farmers during Kharif 2019 season..

    
      
          
        
            Anemia is defined as a  reduction of the total 
        
      

        deficiency, serum ferritin is always  below 12 µg/l, whereas in iron. overload values approaching 5000  µg/l can

    
      
          
        
            This is practically the same as ‗Sanskriti‘ of the Sanskrit language
        
      

        Cultural  heritage  includes  all  those  aspects  or  values  of  culture  transmitted  to  human  beings  by  their  ancestors  from  generation  to  generation.. They  are

    
      
          
        
            AS ON 1.2.2017 
        
      

        1.2 North-East Monsoon:  Normally, in Telangana State only 14% of annual rainfall is through North- East  Monsoon  and  the  average  normal  rainfall  of  North-East  Monsoon  is  129

    
      
          
        
            DIGITAL IMAGE 
        
      

        • An image is defined as “a two-dimensional function, f(x,y), where x and y are spatial (plane) coordinates, and the amplitude of f at any pair of coordinates (x, y) is called

      



      

    

    
            
            
      
  Related documents

  
          
        
    
        
    
    
        
            Multi-village drinking water scheme analysis 
        
        
            
                
                    
                    57
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            Overview of the book
        
        
            
                
                    
                    296
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            Photoacoustic spectra of As2S3−As2Se3 glasses
        
        
            
                
                    
                    7
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            Levels in74As from the74Ge(p,nγe)74As reaction
        
        
            
                
                    
                    13
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            A thesis submitted in partial fulfillment of the requirements for the degree of
        
        
            
                
                    
                    188
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            The outcome of this exercise is - 
        
        
            
                
                    
                    26
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            Module: Specification Error-II
        
        
            
                
                    
                    22
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            AS INT
        
        
            
                
                    
                    94
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

      


              
          
            
          

        

          

  




  
  
  
    
      
        Company

        	
             About us
          
	
            Sitemap

          


      

      
        Contact  &  Help

        	
             Contact us
          
	
             Feedback
          


      

      
        Legal

        	
             Terms of use
          
	
             Policy
          


      

      
        Social

        	
            
              
                
              
              Linkedin
            

          
	
            
              
                
              
              Facebook
            

          
	
            
              
                
              
              Twitter
            

          
	
            
              
                
              
              Pinterest
            

          


      

      
        Get our free apps

        	
              
                
              
            


      

    

    
      
        
          Schools
          
            
          
          Topics
                  

        
          
                        Language:
            
              English
              
                
              
            
          

          Copyright azpdf.net © 2024

        

      

    

  




    



  
        
        
        
          


        
    
  
  
  




    
    

    
        
            
                

            

            
                                
            

        

    




    
        
            
                
                    
                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                    

                    
                        

                        

                        

                        
                            
                                
                                
                                    
                                

                            

                        
                    

                    
                        
                            
                                
  

                                
                        

                        
                            
                                
  

                                
                        

                    

                

                                    
                        
                    

                            

        

    


