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CHAPTER I 



INTRODUCTION 


In this Thesis, the results of mathematically rigorous investigOons of oceanic 
motions on the Synoptic and Acoustic scales are reported. This specific choice of 
models has been dictated to a large extent by the importance of motions on these 
scales in Physical Oceanography and to a lesser extent by their mathematical 
tractability. Motions on these scales have been studied at a formal level by 
Oceanologists and Fluid Dynamicians. Here, the emphasis on one  hand  is on 
rigour and on the other, on obtaining some information on sone of the results 
uncovered in numerical modelling. At all times uncontrolled approximations are 
avoided. The investigations reported in this Thesis go far beyond merely 
justifying or clarifying the work of Oceanologists and Fluid Dynamicians. As all 
the models considered are of Dynamical Systems with infinitely many degrees of 
freedom,  the work reported in this Thesis may be regarded  a;  an attempt at 
understanding Infinite Dimensional Dynamical Systems, albeit through specific 
examples. 



(10)One of the most interesting questions that arise in Oceanography is the one 
 on the existence and the characterization of Statistical Stationary States of the sea. 


The world's oceans are by no means closed physical systems. A number of modes 
 of dissipation are available. Further, Oceanic motion is driven by turbulent winds. 


These turbulent winds, notably storms, rage for a few days or for a few weeks as in 
 the case of monsoons. The spatial scales of these turbulent winds is of the order of 
 tens of Kilometers. Motions on the Meso and Synoptic scales are driven by these 
 randomly fluctuating winds. The situation is analogous to that of a Brownian 
 particle. As the Oceans have existed for thousands of years, it is conceivable that 
 the actual state of the sea is a Statistical Stationary Stitt which is the 
 asymptotic state attained by the system. At this moment of time, the scenario 
 pictured above,, cannot be explored fully by any analytical tools, as in this case 
 one is obliged to deal with a Langevin Equation in an infinite dimensional space. 


Numerous computer simulations indicate that such a final equilibrium Statistical 
 Stationary State for planetary scale oceanic phenomena may indeed exist. Thus 
 investigation of statistical equilibria is important and meaningful. 


There are two serious questions involved in the analysis of the Statistical 
 1 


Stationary States. The first one is the construction of model. specific  
Probability 


Measures on the phase space of the system and the second one is the 
demonstration of its invariance under evolution. Constriction of  
invariant 



(11)Probability Measures for Dynamical Systems with infinitely  t  many degrees of 
 freedom, whose phase space is an infinite dimensional function space, is by no 
 means trivial. Marsden (1980) and Marsden and Weinstein (1983) express the hope 
 that these measures may turn out to be akin to the Wiener Measure. Cornfeld, 
 Fomin and Sinai (1982 ), while recognizing the importance of finding appropriately 


defined invariant measure on the phase space of Dynamtpat Systems with 
 infinitely many degrees of freedom, advocate the study of specipc models. At the 
 heart of the matter is the unpalatable fact that infinite dimension6l linear spaces do 
 not admit Lebesgue Measures. Even when the systems are Hamiltonian system, on 
 a weak Symplectic Manifold modelled after a Hilbert space no  general  techniques 
 are available. Although the Symplectic form is invariant and a version of 
 Darboux Theorem is available, the form does not give rise to a volume element 
 on the phase space. Thus every model appears to requirei its own specific 
 technique for the construction of invariant Probability Measures on the phase 
 space. In view of this, in this thesis a model of relevance to Oceanology and which 
 is not artificial is investigated. 


The model chosen for investigation is the Two Layer Quasi-Geosttophic• 


model. A succinct account of the derivation of the model is presented in Chapter 
II. The techniques for construction of the measure is straight forward, but rather 
complex, if one were to follow the techniques of Albeverio et. al. (1979). It is 



(12)shown that a two parameter family of measures { Pa.Y }, where a,y >0 exists. 


There are other techniques which are effective for the construction of these 
 probability measures. One is an extension of the method invented by Nelson 
 (1967) for the construction of the Wiener Measure. One serious problem one faces 
 in adopting either of these techniques is that gleaning of information about the 
 support of these measures involves considerable labour. In view of this absence 
 of transparency, this technique have been relegated to Appendix B. The proof of the 
 invariance of the constructed measures is reduced to the proof of the Self-
 adjointness of an unbounded symmetric operator on 12 .  (P.. y  ). This technique is 
 an old one much favoured by ergodic theorist and is due to von-Neumann and 
 Koopmann (see Chapter II). While it has been shown that this operator has equal 
 Deficiency Indices and therefore Self-adjoint Extensions, it has not been possible 
 to demonstrate its Essential Self-adjointness. However it's Symmetry and the fact 
 that the function 1 is in it's null space implies that the measure is infinitesimally 
 invariant i.e. for short time evolution. The problem of global invariance of the 
 Probability Measure constructed has been left open. It is worth noting that so far 
 no proof of the global existence of the solution of the initial value problem for a 
 Two Layer Quasi-Geostrophic model appears to be known. 


On the other extreme of the Spatio-Temporal scales lies the problem of 
evolution of acoustic disturbances in a Sea with Random Density Inhomogeneities. 



(13)This problem has been investigated at a formal level using various uncontrolled 
 approximations by Physicists and Oceanologists. (Vide: Flatte et. al. (1979),Tatarskii 
 (1961) ). Generally, it is assumed that the acoustic disturbance is monochromatic 
 and the Reduced Wave Equation is investigated. The study of such random reduced 
 wave equations involves the study of the spectral properties of the Laplacian 
 Operator perturbed by a Random Potential. Such random operators, called 
 Random Schrodinger Operators, have been investigated at great length by 
 Physicists in connection with the Electronic Spectra in Disordered Solids ( vide: 


Carmona et. al. (1990) ). In the theory of Random SchrOdinger Operators, one 
deals with a collection of random operators in a single fixed Hilbert Space. The 
assumption of strict Statistical Homogeneity of the random potential simplifies 
the problem enormously. Ergodic properties of the spectra of such random 
operators have been extensively studied by Kirsch et. al. (1982) and Kirsch 
(1985). In sharp contrast to this, the study of Cauchy problem for an acoustic 
disturbance in a medium with Random Density Inhomogeneity requires the 
consideration of an ensemble of tuilx)unded operators each of which acts in a 
distinct Hilbert space. This situation forces one to study Random Fields of 
Operators, which define Measurable Operator-Valued Sections in a Measurable 
Hilbert Bundle. Such structures have not been studied in the past. The assumption 
of strict Statistical Homogeneity of the random density variations, allows one to 
induce an action of the additive group le on the Base Space f of the 



(14)Hilbert Bundle, where ( fl  P ) is a Probability Space. One finds a group of 
 isomorphisms between the Fibers over different points of the base space located 
 on the same orbit. The values of the Operator-Valued Sections at different 
 points located on the same orbit are also related by unitary transformations. The 
 assumption of Ergodicity of the density variations allows one to study the 
 Ergodicity of some spectral properties of this class of Random Fields of 
 Operators. The relation of spectral properties of this random field to the 
 localization or de-localization of waves is unknown. Even in the deterministic case, 
 no investigations seem to have been made in establishing a relationship between 
 the spectrum of the generator of the group of evolutions and the spatial 
 localization or delocalization of disturbances. 


This Thesis, as it stands on the border line between what is regarded as 
Classical Applied Mathematics and Pure Mathematics, forces a specific mode of its 
organization. The plan of this Thesis is as follows: Chapter 11 contains some 
results from Probability Theory used in the sequel. Proofs of well known Theorems 
are generally not presented. Proofs are provided wherever it was deemed absolutely 
essential. It also contains a succinct derivation of the Two Layer Quasi-Geostrophic 
Model and the associated Conservation Laws. The temptation to include the 
derivation of the Equation governing the Evolution of Acoustic Disturbances in 
media with variable density has been resisted as this is an old and well 



(15)established model. Results in Functional Analysis used in sequel being standard 
ones, are relegated to Appendix A. Chapter III deals with a critical evaluation of 
the work of ether investigators of both these models. Chapters IV and V 
constitute the main body of the Thesis. In Chapter IV, the construction of a two 
parameter family of mutually singular Probability Measures on the space of 
Generalized Vortices of the Two-layer Quasi-Geostrophic Model and the proof of 
their infinitesimal invariance are presented. Chapter V reports the results of the 
investigation of mode properties of the Spectra of operators arising in Under 
Water Acoustics. The problem is formulated ir.4 the frame work of Measurable 
Hilbert Bundles supporting a Group Action. In Chapter VI, a discussion on the 
results obtained in Chapter IV and Chapter V is presented and the 
mathematical questions that still remain to be sorted out are stated. 



(16)
CHAPTER II 



MATHEMATICAL AND GEOPHYSICAL PRELIMINARIES 



In this chapter some results from Probability Theory, Measure 'Theory on  Infinite Dimensional Linear Topological Spaces and related Functional Analysis,  which are used in the sequel are presented. Where ever these things are standard  results, proofs are skipped. However, the sources are clearly specified. A succinct  derivations of the equations governing The Two Layer Quasi-Geostrophic Model  and the associated Conservation Laws are also presented. 


II.1 MATHEMATICAL PRELINTINARIES : 



In this section only mathematical preliminaries used in the sequel are  presented. 


11.1.1 SOME RESULTS FROM PROBABILITY THEORY: 



Let SI be a set and if be a a-algebra of subsets of II If 11 is endowed 

with a topology then the u-algebra generated by open sets is called the }3orcl 

a-algebra. (11, ) is called a Measurable Space. A Probability Measure P is a 



(17)non-negative real valued function defined on  
e 
 which is countably additive 
 i.e. if { A  c  8'  are mutually disjoint i.e. A i n
A ;  .0  for i, j=1,2, . . . 
 then 121 (y A  =E P(A I ) and P(S1).----1. The triple { SI ,  , P } is called a 
 Probability Space. 

A real valued function X : SI —•  is said to be Botvi Measurable if 
 Ica I X (ca )< xlet V 'cc R. Such real valued Borel Measurable Functions are 
 called real Random Variables. The Distribution Function of X is the function 
 from to [ 0 , 11 given by F(x) = P {co I X(w) < x 1. The distribution function 
 is a right continuous monotonically increasing function. 


11.1.1.1 Definition : 


Random variables X, and  X2  are said to be  Independent  if 
 P{co Xi (co ) < x i  , X 2 (6) )< x2  1 = P{co X1 (6) )< P{ I X2(.0 )< x2  } 
 for every  x if R, i=1,  2 • 


11.1.1.2 Definition : 


Random variables 2C, and  K2 are  said to be  Identically Distributed  if they 
 have the same distribution function.  • 


Let PI  and P2  be two Probability Measures on the a-algebra  
e, 



(18)11.1.13 Definition : 


Probability Measure P 1  is said to be  Singular  with respect to  P2 


( written as P 1 P 2  ) , if there exists A €  
e 
 such that P (A)= 0 and 

P2 (A) =  1. • 


11.1.1.4 Definition : 


Probability Measure P 1  is said to be  Absolutely Continuous  with respect to 


P2 ( written as P ia ‹ P2 ) if A € ,  P2 (A) = 0  implies  P1  (A)=0. • 


11.1.1.5 Theorem : (Radon-Nikodym Theorem) 


Probability Measure  Pi  is Absolutely Continuous with respect to  P2  
e 
 and 

only if there exists a unique positive random variable  g  such that 
 PI  (A) = IA  g dP2  for every A  E 


Pmof : Loeve ( 1963, Page 132, Proposition B ).  
■ 


If P1  is a measure on ((k,  )  and g is a positive random variable, then 
 the measure P(A)= JA g dP1  is a measure on (D.,  ), absolutely'  continuous with 
 respect to P1 . The measure P is denoted by gdP i . 


11.1.1.6 Definition : 


Let  X1  ,X2  ,X3  ... be random variables on (  0, ). This sequence is said to 



(19)Converge Almost Surely if  there exists a measurable set  Di  c  
n 
 with 

P(1-11)=1  such that the sequence converges point wise on  fh. • 


11.1.1.7 Theorem : (Strong Law of Large Numbers) 


Let X 1 , X2 X3 ... be Independent Identically Distributed Random variables 
 with finite mean m and let S o  = X1  +X 2 +. ..+X a , then  S./ n —0 
 m almost surely. 


Proof : Loeve ( 1963, Page 239, Proposition B ).  
■ 


Let X1  ,X 2 ,X 3 ...  be a sequence of Random Variables and  8' o  be the 
 smallest a-algebra with respect to which X, 3  k+1  , . . . are measurable. The 
 a-algebra  8' = 1 8' is  called the tail a-algebra and sets in  8%,  are called 
 the Tail Events.  8'„  measurable functions are called Tall Functions. 


11.1.1.8 Theorem : ( Kohnogorav Zero-One Law ) 


If  X1  , X2 , X3 . . . are Independent Random Variables then the Tail 
 Events relative to this sequence have Probability  0 or  1 and  the  Tail 


Functions are almost surely constant. 


Proof : Loeve ( 1963, Page 229, Proposition B ). 



(20)141.2 SOME RESULTS FROM ERGODIC 'THEORY : 


141.2.1 Definition : 


Let T fl SI be bijective, then T is said to be an Automorphism if T 
 and T -1  are measurable.  A 


Consider the Probability Space {SI , , P }. Let Sr be the set of measure 
 preserving automorphisms of SI Let G be a group with billary operation and 
 the identity element denoted by "+" and " e". G is said to act as a group of 
 measure preserving transformations if there exists a homomorphism T: G -.J 
 given by T(g) = T1  with  TES Th = Te h  and Te  = I , where I is the identity 
 element of Sr . This action is said to be ergodic if A E g , Ta  (A) = A 
 VieG then P (A)=1 or 0. Clearly if F: SI —.18 is a measurable function 
 such that F (ca )) = F(ca) V g E G then the action is ergodic if and 
 only if the function F is almost surely  constant. 


1113 KOOPMANN FORMALISM : 


• 


Let S/ , g , P } be a Probability Space and R LIct as a group of 
measure preserving automorphisms given by t  57, .  Consider the 
space L2  (S1) of real valued square integrable functions on fl. Define 



(21)U, : L2  (Cl)-.Ll (Cl) by U, ( f )(w ) = f (T, (w )). It is evident that t --0 U, is 
 a strongly continuous one parameter unitary group. Stone's Theorem (A.14) 
 implies the existence of a Self-adjoint Operator L defined on L 2  (11) such that 
 U, = e  ig L 


If L is a Symmetric Operator on L 2  (fl) and L*1=--0 then P is locally 
 invariant under the evolution generated by L i.e. under the unitary group 
 e  a a L  for t R 


11.1.4 PROBABILITY MEASURES ON INFINITE DIMENSIONAL LINEAR 
 TOPOLOGICAL SPACES : 


In this section we explore the existence of measures on infinite dimensional 
 real linear spaces. Specifically we are interested in measures on Real Seperable 
 Hilbert spaces. As Lebesgue measures on finite dimensional linear spaces play 
 an important role, one is tempted to consider Lebesgue measure on real 
 Seperable Hilbert spaces. Unfortunately, as will be seen below :  a real Seperable 
 Hilbert space does not admit a Lebesgue type measure. 


11.1.4.1 Proposition : 


A real Seperable Hilbert space does not admit a Lebesgue measure. 



(22)Proof: Let P be the Lebesgue Measure on the Borel a-algebra of h. Let 
 };`° .i be an orthonormal basis of h. Consider the cdllection of subsets 
 { Ba  (e  )  , where a = lb,/ and B. (e i) is an open ball about 
 e with radius a. Clearly for i 96j ,  (e  
n 
 (e )= ei  i.e. they 
 are mutually disjoint. Since the Lebesgue measure is translationally 
 invariant  P( B. (e  ))  is 


p(u7= 1
/3a(0)  = 
 P(Ba (e,)) is  

independent  of  i. Therefore 
 infinite. But 
U 
 B. (e ) is a 

bounded set. This is a contradiction, therefore the result. III 


The non existence of the Lebesgue measure on h forces one to seek 
 other measures. Gaussian measures corresponding to standard normal density, are 
 again a class of canonical measures on Ile , n  e N. Now we enamine whether h 
 supports a canonical Gaussian measure with the identity as its Covariance 
 Operator. Let h be a seperable Hilbert space with inner product ((., •)) and 
 corresponding norm  
H . H . 
 Let P be the standard Gaussian measure on h, then 
 P has the Characteristic Functional 

UV 
C (t) = e 



(23)where E e h and a > 0. 


Proposition 


No Bore! Probability Measure on h can have Characteristic Functional of 
 the form exp (-a II 11 2  1  2 ) for a >0 . 


Proof : Suppose P is a measure on h with charactkristic functional 
 exp(-a II  II 2  / 2) i.e. 


-alE1 2 


Let { .} be an orthonormal basis of h. If y f h then (( y,t „ ))  0 as 
 n--.00. Therefore by Lebesgue Dominated Convergence Theorem 


f e i(( C .  dP(x) = f lim, e' "." ' r))  dP(x) = 1 


on the other hand 


-al E.1 2 


!lino-. co  P. 2  e  2 # 


This is a contradiction.  
■ 



(24)Clearly one has to consider spaces larger than Hilbert spaces in order to 
 accommodate canonical Gaussian measures on linear topological spaces. The 
 simplest such structure is that of a Rigged Hilbert Space or the Gel'fand Triplet 
 ( Gel'fand and Vilenkin (1964)). 


Countable Hilbert Space and its Dual :  1 


Let D be a linear space. For n  c 
IN, 
 let ((.,.))„ be an inner product on 
 D and  IL II .  the corresponding norm. Denote by h , the completion of D 
 under the born II . II ..  Suppose that for n s m, the norms satisfy the 
 relation  II x II _s II x II  for x E D, then h  in  c h o. Let ho, be the intersection 
 of h „ i.e h = Q h „. The neighborhood basis at zero is given by the collection 
 of sets  S  , where  e > 0 is arbitrary , n i  , n2 , n3  . . no, are some 

positive integers and 


{x I lixilo<e, i= 1,2,3 
..,m} 


• 


In this topology a sequence t  o  converges to  c  h,„, if and only if 



(25)11E „ - E II .  0 as n --•00 V m € IN. h. endowed with this topology is called a 
 Countable Hilbert Spaces. h. is metrizable and complete and therefore a 
 Frechet Space. If for  n, m c IN  the injection I.° : h --• h . is a Nuclear 
 Operator then the space is called a Nuclear Space. 


Let h _ „ denote the dual of h .. The dual pairing between h , 
 and h . is denoted by,  ( . , . ). Clearly h , = U h - is the dual of h  m  . The 
 triplet h.c Dc h is called a Rigged Hilbert Space or a Gel'fand 
 Triplet ( vide: Gel'fand and Vilenkin (1964)). 


11.1.43 Definition: 


A functional  f : h  C  is said to be  a Positive Definite Functional 
 if  for any finite collection of elements  x , i = 1,2 . . .n,  and complex 
 numbers z , 1=1,  2 . . . n,  the following inequality is valid: 



Ea 
 f(x.-x,)z.z.o 

, 


Endow h  with weak -* topology and let  8'  be the Borel a-algebra. 


Bochner-Minlos Theorem can now be stated : 



(26)Theorem : (Bochner-Minlos Theorem) 


LetC:h.--•C  be a functional with the following propenies 
 1. C is Frechet continuous at '0'. 


2. C is Positive Definite. 


3. C(0) = 1 


Then there exists a unique Probability Measure on (h  ) so that for all 
 E h 


dP(x) = C(E) 


Proof: Hida (1975, Proposition 3.1). III 


Example : 


The choice of the example is dictated by the requirements of this Thesis. It 
 is directly relevant to the construction of Statistical Stationary Slates considered in 


3 


the sequel. This example is a direct application of the ideas of Daletskii (1967). 


Let h be a real Seperable Hilbert space and T E  g  (h) be a positive 
operator with Hilbert-Schmidt inverse. Let } be the eigeAvalues and { } 
be the corresponding eigenvectois. 



(27)The linear space of all sequences in R  is denoted by Et and its elements 
 by { 
x 
k 

For every n e N define 


= {{  Alt }  
Ei  X
k2A2kli<  } 

Let h be the intersection of h p. h equipped with the topology as defined above 
 is a Countable Hilbert Space. The dual of h „ is given by 


h...= 
{{  El 
Y:A1,24 < °°} 


The dual of h ,„ is h „ = U h ,. The Triplet h „, c e2 c  h  is the Gel'fand 
 Triplet. Endow h „ with the weak-* topology and let  8'  be the Borel a-algebra. 


Denote the dual pairing between h and h ,  . Then 


( X,  Ya  


The subset { E X „ „ { X } E h } of h is called the space of Test 
sequences and the set { X „ }€ h } is called the space of 
Generalized sequences. The corresponding vectors are called test and generalized 
vectors. 



(28)For y > 0, consider the function C y  : h —• R defined by 


- 1 E:4  ix,i 2 


Cy({Xn})'-: e  2 


It is clear that C is  Frechet continuous at 0, Positive Definite and 
 C(0) = 1.  Bochner-Mizilos Theorem (11.1.4.4) implies the existence of a 
 Probability Measure P y  on ( h  )  with Characteristic Functional C y . The 
 Probability Measure  Py  is called the White Noise Measure with variance  
y . 


If Y is a Random Variable associated with the White Noise Distribution 
 with parameter  
y , 
 then for any complete orthonormal set {  } in e2, the 
 random variables Y.= ( Y,  ) are Independent Random variables, Distributed 
 Normally with Mean 0 and Variance  y . 


Properties of White Noise Measure: 


The White Noise Measure is a measure on ( h  
_,e: ). 
 Some important 
 properties necessary in this Thesis are investigated. 

11.1.4.5 Proposition : ( Hida 1980 , Proposition 3.2 ) 


€
2  c  h 
 is measurable and has measure zero. 

Proof: It is evident that: 



(29)(2 = {  Eoil 1...;? .ir  00 



nk uN n„„, f 
 }  yi2 < 

As the set in the parenthesis is Borel,  e2  is a Borel set. Further Y.'s are 
 Identically Distributed Independent Random Variables with variance y . 
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By the "Strong Law of Large Numbers" (Theorem (11.1.1.7)) 
 limN , 1/N 
E  iN 
 X i2  ": .1 almost surely. 

Thus almost surely E 1°)  X i2  is infinite. Therefore e 2  has measure 0. 


11.1.4.6 Proposition : (Hida 1980, Proposition 3.1) 


For a  the White Noise Measures  P. and  Pp  with Variance a and $ are 
 mutually singular Le.  P. 1 Pp . 


Proof: Consider the Identically Distributed Independent Gaussian random 
 variables Y. . By the " Strong Law of Large Nu linbers" (Theorem 
 (II.1.1.7)) 


limN,. 1/N  
Ell., 
Y12  = a, P. almost surely 
 and 

1 inIN,to  1/N E  Yi2  =13, Pp almost surely, 


Since a #/3 it is clear that P. and Pp are mutually singular. N 



(30)
11.2 GEOPHYSICAL PRELIMINARIES : 


In this section a brief account of Eulerian fluids, derivations of equations 
 governing Single-Layer and Two-Layer Quasi-Geostrophic Model and the 
 associated Conservation Laws are presented. 


11.2.1 OCEANOLOGICAL FLOW MODELS : 


A number of standard results from Fluid Mechanic& are collected  
and 


presented below. As they are well-known, no derivations are presented. These are 
 readily accessible in the books by Batchelor (1993) and Chorin (1994). 


The motion of an ideal incompressible ( Eulerian ) fluid in a region D  c 113 
  with 
 sufficiently regular boundary 
a 
D is governed by the equations ,  


a v  + "iv v = 1  V
p 

V.I,Z= 0 



(31)with the boundary condition  n .1U =. 0 on the boundary, n beiAg the unit outward 
 normal i.e. the boundary is assumed to be impenetrable to the flow. Following 
 standard practice, the fluid velocity field is denoted by U , the pressure by p and 


the density by p . The equations have been written in the Eulerian frame work. 


Equation (II.2.1.1) is the Newton's Second Law of Motion for the fluid and 
 Equation (11.2.1.2) is the Equation of Continuity incorporatinc., the assumption of 
 incompressibility. 


The vorticity of the flow (A) is defined by (A) := V xU . Taking the Curl of 
 Equation (II.2.1.1), using Equation (11.2.1.2) and some standard vector identities 
 one obtains the equation 


do) 


dt  =  (11.2.1.3) 


Equation (11.2.1.3) is the Law of Conservation of Voracity.' This equation has 
 interesting consequences. 


Let  C be a closed contour in D composed of fluid elements at time t = 0. 


The fluid particles composing C move with time and occupy the position C•(t) 
at time " t ". Denote by S and S (t) the patches of surface with C and C (t) as 
boundaries. Then one sees that: 



(32)d  
r  _ 


--ch j.s. (00. n  
j co) 
 _Udr= 0  (11.2.1.4) 

where n is the outward normal to the surface S(t), ds is the surface element and dr 
 is the line element. 


The quantity l c (0  11.dr is called the Circulation of the fluid around the 
 contour C(t). Equation (11.2.1.4) is the Law of Conservation of Circulation and is 
 known as The Kelvin's Theorem. 


Equation (11.2.1.3) is an assertion of the existence of an infinite number 
 of integrals invariants of motion. This can be easily seen if one considers any 
 function F: e-.1e,FECI (le), such that J D  F(6) (x,t)) dx < co . Then 


I ( F ): =  JD F(6) (x,t)) dx 


is an integral invariant. Making the specific choice, F(x) =  k=1,2,3. . . and 
 denoting the associated Integral Invariants by I (k), one obtains explicitly 
 infinitely many independent Integral Invariants. I (2) has been named Enstrophy 
 and plays an important role in Fluid Mechanics. This name was apparently first 
 coined by Leith (1968 ). 



• 



(33)The most tractable Eulerian fluid flows are those in which the motion is 
 confined to a plane ( say the x y plane ). There exists a large body of mathematically 
 rigorous work for two dimensional Eulerian flows ( vide: Machioro et. al. (1994) ). 


For a large class of initial conditions, using the Conservation of Energy and 
 Enstrophy, it has been shown that global solutions of the initial value problem 
 for Euler flows exist. 


If the flow is two dimensional, the condition of incompressibility, allows 
 one to introduce the stream function ¶' (x  ► t) of the flow. In terms of ¶' , 
 the expression for the velocity of the flow is given by 



2 = - N7 IT =(aw la 
y , -(3 11' /0 x). 

The fluid vorticity has only one component normal to the plane of motion. 


Denoting this component by (A) , we have the expression of vorticity 
 (A) := V 21
1' 


The boundary condition satisfied by  is that 'I' = 0 on the boundary. In terms 
 of the stream function, the vorticity equation can be written in the form 


• 



at( a  v
2 11 ) + J(T►V21Y) = 0  (11.2.1.5) 


(34)where 



a.) a T  act. 


{  } 


Joi),  - 



ax 
 ay  ay ax 


Given a vorticity distribution co (x,t), the velocity field U is given by 



11(xt) 
= (fp  G(24y)6)(y, 1) dy)  (11.2.1.6) 

where G(. , .) is the Dirichlet Green's Function of the Laplace Equation in D. 


Equations (1I.2.1.5 ) and ( 11.2.1.6 ) constitute a closed system. Given an initial 
 distribution of vorticity, the entire flow, atleast in principal, is determined for all 
 time. It is this fact that makes The Vortex Models important in the study of two 
 dimensional Euler flows. 


Vortex models  arc based on the following idea. One imagines an initial 
distribution of localized patches of vorticity. If the patches  are sufficiently 
small in extent, one can regard them as being concentrated at a discrete set 
of points. The Vortex patches evolve with time, governed as they are by the 
Equations ( 11. 2.1.5) and (11.2.1.6). Being highly localized, one can  think of this 
system, as a system of interacting point vortices. 



(35)Explicitly, if one considers an idealized initial vortex distribution 


(x  
=E 
 re  b  (x-  xi(0)  ). 

Its subsequent evolution is given by 


6.)  t) = E °;=, ri  3 (x-  x  (t)). 


where t  ( x  i (t) y (t)), i=1,2  . is the solution of the initial value problem 
 of the Hamiltonian Equations 


dx,  
ate 


dt ay, 


(11.2.1.7) 



cif;aH 


r•--- --- -- 
 1  dt  ax,. 


The Hamiltonian H is given by 


if (  (xl ,y1 ),(x2 ,y2 ),...,(xn,y„))=  Fi r./  G( X,., Xj )  (11.2.1.8) 


• 


Note that the Vortex Model is a Hamiltonian system with the x- and y- co- 
ordinates of each vortex being canonically conjugate variables. 'Ibe system is 



(36)one with finitely many degrees of freedom. One immediately has the Liouville's 
 Theorem of Hamiltonian Mechanics ensuring the invariance of the Lebesgue 
 measure on the Phase space. It is to be noted that the total phase volume for 
 flows in a bounded region is finite. It is this Hamiltonian formalism that has 
 spurred the use of the technique of Equilibrium Statistical Mechanics in the 
 study of Eulerian fluid flows. 


10I.2.2 GEOPHYSICAL FLUID DYNAMICS : 


There are hardly any two dimensional Euler flows occurring in nature. The 
 closest to such flows are those that occur in the oceans and ttie atmosphere. The 
 depth of the ocean is on an average four kilometers and its lateral extent is of the 
 order of 3000 kilometers. If one were to concentrate on Synoptic motion i.e. 


motion with lateral spatial scales of a few hundred kilometers and periods of a 
 few weeks, the motion is almost two dimensional with veitical velocities and 
 accelerations being negligible. Such motions are very close to two dimensional 
 Euler flows. However, there is an added complication arisiug from the Coriolis 
 force acting on the fluid. This Coriolis force is due to the rotation of the Earth. 


Further the Coriolis term exhibits a variability with latitude. These factors are 
 the one's that give rise to the varied and rich structure of oceanic flops. 


Geophysical Fluid Dynamics deals with such flows. Clearly scale considerations 
play an important role in modelling these phenomena. Phenomena on the 



(37)Synoptic scale are adequately described in the Quasi-Geostrophic 
 Approximation. The model studied in this Thesis is derived at great length 


and at varying levels of clarity in the well-known classics of Pedlosky (1979), 
 Monin (1990), Kamenkovich (1977), and the reviews by Rhines (1977) and Salmon 
 (1982). 


Quasi-Geostrophic Model : 


The motion considered has spatial scales of a few hundred kilometers and 
 time scales of* few weeks. The basic equation of motion cif an incompressible 
 fluid in a co-ordinate system rotating uniformly with angular velocity SZ is 


U 



at 
+(V.V)1/ + 2$x =--1 Vp + V(1> +Sqp  (11.2.2.1) 

where U is the velocity field, p the density, p the pressure , 4> the potential of an 
 external conservative force and Sr is the frictional force. The third term on the left 
 hand side is the Coriolis acceleration which has to be taken into account in a 
 rotating co-ordinate system. The magnitude of the Coriolis acceleration can be 
 estimated to be I 2f/ XU Pz 0 (21l.U). The first two terms constitute the Inertial 
 acceleration and their magnitude can be estimated to be of the order of  0 (U2  /1... ). 


where U is the typical velocity of the flow and L the Characteristic length. The 



(38)relative magnitude of the Inertial and Coriolis force is of the order of 
 I  / Dt1 / 124.1 xU  x  (U/ 21/L ) =0 (R D  ). 


The dimensionless number Ro  = U / (2(L), which is the measure of relative 
 importance of the inertial and rotational terms and is called the  Rossby Number. 


If one were to assume that the dissipation is due to molecular viscosity i.e. 


/p = ILV 2 U, then the dissipative term has magnitude of the order of 
 AU/p L2. The relative magnitude of the viscous and Coriolis force is of the 
 order of E = p. 
I 
211L3. This non-dimensional number E, is called the Eckman 
 Number. 

For oceanic flows of interest, this has magnitude E =0 (10' ). Thus 
 molecular viscous dissipation plays an insignificant role for large scale oceanic 
 flows. Generally the Rossby number is also much smaller than 1. Further it is to 
 be noted that the aspect ratio of oceans which is defined as A :=D/L is 0 (10 -3  ). 


Thus the ocean can be regarded as a thin layer of ideal fluid. The spherical 
 symmetry present in the problem makes it convenient ti: use a geo-centric 
 Spherical Polar Co-ordinate System. Some approximations are self-evident. The 
 radial co-ordinate varies from r E  - the radius of the earth to r B  


D/ rB  = 0 (10 ). Therefore, where ever the radial variable occurs freely i.e. not 
 under a derivative, one can safely replace r by r B  . Now the estimation of the 



• 



(39)local radial component of the velocity is in order. This component is of order 
 of the aspect ratio i.e. 0 ( D/I, ). Thus for small aspect ratios, the radial velocity 
 and acceleration can be ignored. The vertical component of the Coriolis 
 acceleration is of the order 
mu. 
The radial pressure gradient is of the order 
 0 ( 2.04.LL / D). Thus the Coriolis term in the radial equation can be ignored. A 
 similar consideration indicates that the lateral Cations acceleration due to 
 vertical motion is also small. These are the considerations which guide the 
 formulation of the Quasi-Geostrophic model. Although single layer models have 
 been explored elsewhere ( see Mesquita and Prahalad (1990)), is necessary for the 
 derivation of the Multilayer Model. 

11.2.3 111E SINGLE LAYER QUASI-GEOSTROPMC MODEL : 


The water cover of the Earth's surface extends over thousands of 
kilometers laterally and has an average depth of four kilometers. The radius of 
the earth is 6400 kilometers and it rotates about its axis at a uniform angular speed 
of 2,7r / 24 radians per hour. If one were to consider the motion of temperate seas 
on lateral spatial scales of few hundred kilometers and time scales of few we4s, 
one would expect that there would be little vertical variability, the motion would 
almost entirely be two dimensional and would be dominated by the effect of 



(40)rotation. Oceanographic models which formalize these intuitive ideas are the 
 Quasi-Geostrophic models. A number of derivations with different degrees of 
 clarity of the equations governing the Quasi-Geostrophic Models have appeared 
 in the literature ( vide: Monin (1990), Kamenkovich (1977), Pedlosky (1987), 
 Batchelor (1993) ), Rhines (1977 ) and Salmon (1982). Here a succinct account of 
 the derivation necessary for the purpose of this Thesis is presented. 


The motion considered having spatial scales of 100 Knis and time scales of 
 15 days take place about a location with latitude O o  = 45' . Compressibility of 
 water plays a role only in the  Acoustic regime. So in the regime under consideration, 
 one can assume the flow to be incompressible. Dissipation due to molecular 
 viscosity is insignificant due to the smallness of the Eckman Number. Therefore the 


flow is essentially that of an ideal i.e. Eulerian fluid. 


The equations governing the flow, in a Cartesian co-ordinate system 
 rotating uniformly with angular velocity 
 a 
 are 


a.0 
 (-11.19).(14-2f/ xv 1  po  r 
 (11.2.3.1) 
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(41)V.11' =0  (11.2.3.2) 


where P o  is the density, 11. the flow velocity and PT the total pressure, 
 PT= Ps  + Pc  +P , where Ps  is the Hydrostatic pressure, P ( , = (p 0 / 2) V Inx][1 2 
  is the pressure due to the centrifugal force and P is 
 the  pressure associated 
 with the motion. Equation (11.23.1) is Newton's Second Law of Motion for the 
 fluid and Equation (11.2.3.2) is the Continuity Equation, expressing the 
 conservation of mass. In the simplest model, which can be called a one-layer 
 model, one regards the density p  0  as a constant equal to the average density 
 of the fluid. 


The presence of spherical symmetry allows one to chose the z-axis 
 along the direction 11 the only fixed vector in the syitem and introduce 


(see F14 -1) 


Spherical Polar Co-ordinates (r,  0, 4)),, Following cartographic convention, the 
 latitude  0  has the range / 2 s  0 s 72- / 2 , with  0 =  0 corresponding to the 
 Equator and 0 is the longitude of the point. Let ( w, v, u) be the components 
 of the velocity field U in the Spherical Polar Co-ordinate;. Equations (11.2.3.1) 
 and (11.2.3.2) take the form 


• 


Du {  uw uvrau0  211 vSinO  +211 wCos0-  1  P 


Dt r  po r Cos 0 a(1., ,  (11.2.3.3) 



(42)North 
 pole 


Coriolis forces 
 acting outwards 


FIG. — 1 
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(43)Dv wv u 2  


+ — + Tan 0 + Sin 0 u = - 
 Dt r 



aP 



p0 r  ao  (11.2.3.4) 


Dw u 2  +v 2  
2,ncosou=---- g  
1  ar • 



Dt 
 r  Po ar  (11.2.3.5) 



where 


D  
a 
 u   a  +
 v a  +W a 

Dt  
at 
 r Cos° ao Tao  ar  (11.2.3.6) 



The Continuity Equation ( 11.2.3.2 ) takes the form 


0


2 r 


2  w  +  1 


r Cos°  
a o 



(a  --(vcoso+— au  = o 



1 d  (11.2.3.7) 



where g is the local Acceleration due to Gravity. The hydrostatic part of 
P1  has  been explicitly separated. 


• 
 
On the spatial scales of motion being considered, the curvature of the Earth 
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(44)plays an insignificant role. Thus a local description should be possible. To 
 facilitate such a description, one introduces new co-ordinates (x, y, z) defined in 
 the neighborhood of a point in the sea with co-ordinates ( r E  , 00 , ) with 


00 = 45 ° defined by 


x =  Cos 00
(0 - 0 0
) 

y = rE.(0 - 00 )  (11.2.3.8) 


z = r 


where rE  = 6400 Kms, the radius of the earth. 


The Equations of motions (11.2.3.3) -(11.23.5) and the Continuity Equation (11.23.7) 
 can be written in the new co-ordinate system. 


So far we have not made any approximations of significance. To proceed 
 any further it behoves on us to make use of scale considerations. Define the 
 lateral velocity scale by U 0 , time scale of motion by To , the lateral length 
 scale by L0  , clearly To  = Lo / U0  . The vertical velocities are typically of the 
 form W0  = S ,U 0  , where  5 ^  := D0  / Lo , Do  is the depth of the ocean • and 


5 .= Do  / L 0  4 / 1000 < I. Therefore W 0  < < U 0. This allows one to ignore 
vertical velocities and accelerations in the equations. The importance of rotation 



(45)can be gauged by considering the ratio of the Inertial force to the Coriolis force. 


The latter is of the order p  0  fo  U0  and the former is of the order (p  0  U O2 /1...0), 
 where fo  = 2 SI Sin 00 . Define the non-dimensional parameter, 


'Inertial force 
 _ 
 U0


0  Coriolis foie 
 Iv  (11.2.3.9) 

co  is called the Rossby Number. This has been defined earlier. 


For the flows of interest U0  = 0 (10 m /s), fo  = 0(10' ), L=0 ( 100 kms) 
 and Do  =0 (4 Kin ) . We have co  <<1. 


The pressure fluctuations due to the motion are some what harder to 
 estimate. The pressure differs slightly from its equilibrium value. As the lateral 
 forces are essentially the Coriolis ones, it is reasonable to expect that the lateral 
 pressure gradients are also of the same order. The  density variation an be safely 
 ignored. 


Define a set of non-dimensional variables { x y  I, t l , u  I ,v P l  ) by 
 x. L u x' ,  Lo y )  , t=To t 1  


(11.2.3.10) 
 u= 
uo 
u 1,  v= uovl,  P=  Po Uolo.  A) 
P I  

• 



(46)One can write Equations (11.2. 3.3) and (11.2.3.4) in the form: 



au l  (cosoo l   , au l  l au' 


E 
0 
a  u 
 4co a v  €,,S 


at '  Cos0  ax'  ay  


(1I.2.3.11) 
 Sir! 0 
_


a 
Cos 0o  Stn 0o  Cosh ax' 



a v'  cosoo  , a  v' 


fr— a t 
7 
 "  Cos0  u  +  E av i  +E0 8cau l v i 7an0 


ax' °  
ay' 


(11.2.3.12) 
 vi (Sin0)  
-a  i3P1  



.Sin 0o  ay' 


where Sc =1.1)  / rE. The vertical velocities and accelerations have been ignored. 


The continuity Equation (I1.2.3.7 ) takes the form: 



il l 
+  a 
 a8,,v 1  7;u70 =  0 


ax'  av,1  
 (11.2.3.13) 
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(47)In a small neighborhood of  OD  , one can expand trigonometric functions in a 
 Taylor series and retain terms to the lowest order of significance, viz. 


Sin0 = Sin00 S p y' Cos00  .. . 


as0 = Cos 00  -S py' Sin 00  (11.2.3.14) 


Tang = Tan 00 cyl Sec 2  00 + .. . 


Quasi-Geostrophic Approximation : 


In the Quasi-Geostrophic approximation one considers motion in 
 the region of small aspect ratio, small Rossby number and long time i.e. € 0  < < 


1, €7. < <1,  $c  < < 1, E0  , ET  and  Se  are assumed to be of the same order. 


Conveniently they can be denoted by the same symbol €. 


The velocity fields u' and v' can be expanded in the powers of € viz 


/  1  /  2 / 


u=  + E 111 + e U2  . . . . 


VI=V0  4- €V1/  _2 


 +e -  V2'+  (11.2.3.15) 


• 


=  Poi  t€41 +€2P2 
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(48)One works to the lowest order of significance. To 0 (E 0), Equations (11.2.3.11 ) and 
 (11.2.3.12) yield 



a 
PI 
 vo  ax' 


/  
a 
PO' 


Ito= 
 (11.2.3.16) 


au'  ash' -o  a 
xl 

It is evident that the pressure field to 0 ( E° ) is the stream function of the flow to 
 0 (E°). 


The equations of motion can be obtained by working to 0 (4.). From Equations 
 (11.2.3.11) and (11.2.3.12) one has 



ar' 

 ouo  Vo 

+ 110  
au°  lauss (so 


whio vo-   - 
- 



at'  ax'  ay' 
 e  ax' 


(II.2.3.17)• 



(49)
av
,  5 

ay 0  
'Jo 
1 0 ay  1 0  y i  Lk)/  Cot 00  - --- 

a t ;    ax'  y '  E  Y 


(11.2.3.18) 


The Equation of Continuity (11.2.3.13) to 0 (f) takes the fowl 


ll 


a 1I , 0 


t  Vo  ran 00  0 
 /  -  / 


d X  dy 


(11.2.3.19) 


Clearly the equations of motion to 0 (E ° ) contains terms of 0 (t), indicating that an 
 infinite hierarchy of coupled equations results. Thus to 0 (6  0 ), there are no closed 
 equations of motion. However one can take heart in the tact that the form of 
 the Equations (11.2.3.17)-(11.2.3.19 ) allows for the existence of a dosed equation. 


Define the vorticity field  1 0  by 


a yo  a uol 
 Co  x,  a  y, 


(11.2.3.20) 


Eliminating the pressure  P0'  from Equations (11.2.3.16) one thtains 


14)  (11.2.3.21) 



(50)321p 02'1)1 
 ax e.  ay2  


(11.2.3.22) 


and 


- Do 
 t 


 , 


t o 
+PY 1 1= 



—i 
 (11.2.3.23) 

where 



Do  a  / a +,,] a 


Dt  t , •  uo 
a 
xi  ay 


(11.2.3.24) 


and /3 is number denoting the variation of f with the latilude at  
00 . 


Denoting the pressure field to 0  
(E
)  Poi  by  one obtains the equation 

(V2  '11  )+ ./(V 2  q  
+13y, 
 0  (11.2.3.25) 

where  
J( 
 , (1) )  f a 
'I'  a(D _ a' 
0(1) 
ax ay  ay ax 



(51)Equation (11.2.3.23) is reminiscent of the conservation of vorticity in two 
 dimensional Eulerian flows except that it is not the fluid vorticity which is 
 Conserved but the potential vorticity ( 0  + /3 y). 


Conservation Laws of a Single-Layer Quasi-Geostrophic Model 


If we consider the single layer Quasi - Geostrophic model in a closed 
 region with stream function vanishing on the boundary, a number of invariants of 
 motion exists. The calculations involved are straightforward although some what 
 tedious. The two constants of motions that find application in this Thesis are 
 quadratic in nature and ale given by 


Energy =  f 1-17  V 2  I' dx dy  (11.2.3,26) 


Enstrophy =  1\72  11 1 2  dr dy  (11.2.3.27) 


To prove that the Energy is a constant of motion, one multiplies Equauon 
(11..2.3.25) by 'I' and than integrates over the closed region. Similarly the 
conservation of Enstrophy can be proved by multiplying Equation ( 11.2.3,25 ) 
by V 2 'P and integrating over the closed region. 



(52)H.2.4 THE TWO-LAYER QUASI-GEOSTROPHIC MODEL : 


Considering the ocean as a single unstratified layer of an ideal fluid is 
 inadequate for accounting for ol:servations. This can at best describe the Barotropic 
 modes of oceanic motion. Any reasonable model should take into account the 
 vertical density stratification. While it is possible to analyse linear flows taking 
 into account the observed density profile, it is impossible to do so for fully non-
 linear flows. Thus one is forced to invoke a Multi-Layer or a Multi-Level Model. In 
 a Multi-Layer Model the ocean is modelled as a superposition of a finite number, 
 say " N" , of layer's of ideal fluids with varying thicknesses and densities. The 
 fluid layers are assumed to be immiscible and the configuration in mechanical 
 equilibrium. The configuration of N-Layer Model is illustrated in Fig. 2. The co-
 ordinate system chosen is the local Cartesian Co-onfinate system already 
 introduced. z=h i (x, y, t), is the instantaneous elevation of the upper boundary 
 of the 
jib 
 layer and z = H i is the upper boundary of the il l  layer in 
 equilibrium. Si  = , i = 1,2,3, . N is the displacement of the interface due 
 to motion. p is the density of the fluid in the eh 
 layer and p i  < p l  <  <p 

ensuring mechanical equilibrium. 


The scales of motion are the same as those introduced earlier.  vertical 
 scale can be chosen to be min {  }. The motion of the fluid in each 
 layer is assumed to be Quasi-Geostrophic. As the instantaneous displacement 
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(53)
P1  H1  h1  


-  - - 


• 


Pk  
hk  



FIG-2   Configuration of the Two-layer Model. 


Solid line corresponds to the instantaneous position of the interface. Do Rad line to 
 the equilibrium of the interface, z = h  k  ( x, y ) is the instantaneous position of the upper 
 boundary of the k 6  layer, H k its equilibrium position, Sk its instantaneous displacement. 


from the equilibrium position i.e. S k = h k -H k , p i  <p 2  <. . . .< p N  are the densities of 
the layers. 



(54)causes a variation in the thickness of the layer, the Equation of Continuity under 
 the assumption of incompressibility takes the form 



a 



at 
 11, -1)/4  +  (  )  = 0  (11.2.4.1) 

where 



a  a 



v =  ' ax  ay  


and V;  being the velocity of the  i th  layer. 


The vertical pressure balance is essentially hydrostatic in each layer, with 
 the Quasi-Geostrophic Approximation. If P k°  is the equilibrium pressure in the 
 kth  layer, one finds that 


P
ic( z) =  8E1
;11  P,( 1.1, -11
,.1)+ SPk(Iii - z) 
 (11.2.4.2) 

The perturbed pressure in the k th  layer, Pk is given by 



Pi(z) 
=  + p k  Uo  lo  fo  Pk 
 (11.2.4.3) 
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(55)The hydrostatic balance, assumed to be valid for all times, implies that 



a    -o  az 


(11.2.4.4) 


Thus the perturbed pressure in each layer is constant across the layer. The 
 perturbed state does exhibit a discontinuity of lateral velocities across the 
 interfaces. 


The requirement of continuity of  pressure across the interface 
 z = Hk Sk  separating the k th  -layer and the (k+1)  di -layer leads to 


S  "bpi fnPi  (PI  - P) k  (11.2.4.5) 


Introduce the layer thickness D k =  Hk - Hk+1 and setting -SP k= p  k+1  P k •  one has: 



s 
 _Eol;;DtPit(  i) 
 1.+1  P k 

S P k  P 


where co  is the Rossby number, Fk is defined by  Fk = UO2  L02 i g Dk 


The appropriate non-dimensional displacement is given by 


(11.2.4.6) 



(56)SI-  60 Fl-  P  /  / 


( Pk -  Pk ) 


Spk 


(11.2.4.7) 


Clearly Equation (11.2.4.7) shows that the lateral velocity field are discontinuous 
 across the interface. An expression for the vertical velocity in a neighborhood of 
 the interface can also be obtained 



_ask  at, 



u  at „ 



at  14 ax  v  ay  
 (11.2.4.8) 


.•  a cir +u,  „,  k  „ 



a t  _ 



ax  ay 
 (11.2.4.9) 

where + and - indicate the velocity just above and below the layer. 


To the lowest order of significance in the Rossby number, a straight forward 
expansion of the velocity and pressure fields leads to the governing equation in the 
Quasi-Geostrophic Approximation. The procedure is the same as that adopted for 
the Single Layer Model. One is led to the Equations (11.2.3.23) written for the 
velocity field of each layer. Denoting the velocity and pressure field in the k th  layer 



(57)by Vk°  and Pk respectively to order 0 ( €°) and the vorti.city field to the same 
 order by t  k  , repeating the same calculations as in the case of a single layer one 
 obtains the equation 


D o 


ir  Y  + ( -0)k )(  144) 
 Dt 


(11.2.4.10) 


Using the continuity equation, div (  Vk°  )  can be  eliminated and Equation 
 (11.2.4.10 ) takes the form: 


 - 0 
 Dthk him. 


(11.2.4.11) 


Further simplification is again possible if one realizes that the instantaneous 
 thickness of the kth  layer 8 hk =hk-hk+ , = (H k- Hk4, 1 )+ Sk -Sk +i ) , where Skisthe 
 displacement of the k th  interface. Using the expression for  'q k  derived earlier and 


• working to the lowest order of significance one obtains the governing equations 


--=D (q k)  (11.2.4.12) 



(58)where 


and 


DA,  
a  o  a  o  a 


Dt  
at  ax  v
A.


ay  
 (11.2.4.13) 

qic  1  V2pAl,  R y 


Pk.  g(Hk - 14, 1 )  S p k  


(11.2.4.14) 


-1
"C) 
 (Px, i  Pk) 

g(Hk - Himm) S Pk.,. 


where we have reverted to a dimensional form. 


Specialization to the Two Layer Model : 


As Pk' is the velocity stream function, one could have written tP  k  instead 
of Pk  °*. Without much ado the equation governing a model consisting of just two 
layers of fluid can be written in a form analogous to Equations (11.2.3.25). We 
note that the vertical displacement of the free boundary is extraordinarily small 
and can be ignored. This is called the Rigid Top or Lead Top Sea Model. Set S I  =0 
and the interface is S2.  The oceanic bottom is flat and rigid. 'Taking this into 



(59)(  P2 
- Pljn 


PI 


P2 -P1 
  D2 
 with F1 


fo  24
2
 J o2L0  2 

F2 
= 
 , D 1 = H I  412  and  D2 =112 
 g 

account and the fact that the zero order perturbed pressure is the stream 
 function of the fluid flow, the following equation can be easily obtained 



a   + al) ; a  al) ; a  


at  
ax  ay  ay  axi qi ° 


(11.2.4.15) 


for i=1,2, and 



q1  a21),  aqi 


1 
' (P  FM 1
112  ) +0y 

axe  ay2  (11.2.4.16) 



a2T2  a21P, 



=" F2 ( 112—  +/3y 


ax
e 
 ay2  (11.2.4.17) 

Again to 0 
(€°) 
there are no equations of motion but a closed equation governing 
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