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On  the  principle  of  entropy  increase*


Fuad Y.  Hajj


Dc'partmenf  of  Phyfiicfi,  Amerimn  Ihiivemly  of  Beirut,
 Lebanon


(Received  March  1973:  revised  1  June  1973)


Tho  principl(»  o f  (nilropv  iuc*joa>s(^  s<^aio»s  that  tlie  ojitrcqpy  increases 
 in  any  im^vt>j\sihle  proeosH.  This  principle  implies  tliat  tlie  entropy 
 function  must  satisfy  a  math(*inatical  inetpiality  wiiich  puts  stringent 
 (u)n(litioTis  on  tlu*^  (uitropy  fimv^tion.  Th(^  comlitions  arc  so  string(nit 
 til at  Ui(^  alIov\'(t(l  functions  arc  limited  to  very  few.  Soni('  tlitHmuns 
 arc  prove^d:  tiicy  comjirise  a  t<^st  for  tlic  obodieji<;o  o f  an  entropy 
 function  to  llx'  ]>rinciple  o f  (^ntropy  increase,  ft  is  found  that,  from 
 among  th(^  (‘ommonly  nned  tupiations  o f  state,  only  the  ideal  gas  is 
 in  accordance  wit])  this  principle.  An  equation  o f state  (and  a  funda


mental  equation)  wjiich  is  in  accordance  witJi  a  physical  inodi^J  is 
 proposed.


1.  rKTRDUOTION


Consider  two  tlu^rniodynamie  systems  containing  inside'*  rigid,  im]K;rmeablo, 
 and  adial)ati(^  walls.  Tiie  two  sy.steins  ar<^  (umipostHl  of  the  sanui  materia]  and 
 iv'o  separated  ))v  a  rigid,  impermeable,  and  adialiatic  wall  or  partition.  Tf  tJiis 
 jiartition  is  removed  o.f  jmixdiired,  then  the  two  systems  ((hmoliHl  by  subscripts 
 1  and  2)  become  one  sj^stem  (denoted  by  no  siibscri])t)


U  -   +   V  -   Vo\  V  -   n,  1 (1)


However,  tlui  final  entropy  is  not  necessarily o(|ual  to  the  sum  of  tlie  initial  two 
 entropies,  but  may  bo  larger


S(U.  V,  n)  >   S(U,.  TV  n,) +  S{U^,  1%, (2)


^\here  the  (^quality  sign  holds  if  and  only  if  tlie  intensive  parameters  of  both 
 systems  w^ere  equal  before  the  r(^moval  of  the  partition,  *sinco  in  this  case,  there 
 is no transfer o f energy.  Equality of the intensive parameters may be represented
 by


V ^ ~ W ,\   Fj  =   iF ,;  —  ...  (3)


where  1  is  any  positive  numW.  Since 
S
  is  an  extensive  parameter,  then

S(IU, IV, In)  =   18(U,  V, n).  ...  (4)


♦  This work was supported by tho National council  for Soiontiflo Research in Lebanon,
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Inequality (2)  can  be  put  in  tenns  of  tiic  intensive  parameters.  The  follow


ing  definitions  of  the  molar  intonsivo  j^arainetors  are  useful;


and  tlie  mole  fractions


Ujn:  V  —  F/w:  ^


satisfy  the  equation  h/>  ~   Tf  wo  put  J ~   1/w  in  eq.  (4),  we  get


—  r ,  n )  --  V,  1)  .s*(w, v ) ,


n


(5)


(6)


(7)
 where  t]ie  last  equality  is  a  definition  used  to  simplify  notation.  Then,  th<j 
 i ne f ju a ] i ty  1 )oo on los


.v(uwi  ^   v^) +  hs(n2, V2).  ...  {^)


The  last  inequality  liolds  for  any  irrovt^rsiblo  procf^ss.  The  equality  sign  holds 
 if  and  only  if  ~  u.^  (\  ^  t\>,  FnecpialiU^  (8)  is  a  mathematical  redation 
 which  must, ho  satisficed  by  the entropy function of any system  and  any  proposed 
 model  of  a  thermodynamic,  system.  It  repre^semts  tlie  physical  principle  of  the 
 entropy  incjease.  Ft  is  interesting  to  ask  w hether  the  ideal  gas  model  or  any 
 other  equation  of state,  in  general  use,  obeys  the  principle  of entropy  increase. 


The  answ'or  to  such  a  question,  whether  in  the  affirmative  or  in  tlu^  negative, 
 is not simple.  First,  we shall  prove some' usedul  theorems.  Then,  w e  slialJ  proven 
 that,  From  amount  the  few  commonly  used  cupiat.ions  of  state*.,  only  the  ideal 
 gas  olx^ys  th.e  piinciple  of entropy  inen^ase,  Wt's  shall  also  propose  a  model  w ith 
 an  equation  oF  state  whicdi  obcjys  this  principle.  For  reference,  w^c^  shall  states 
 liero somc^  commonly usehI liquations of state  (e.g  .  Xemansky  1968,  Gallon  1960).


J.  The  ideal  gas equations
 P
 T


R
 r


P
 T


R ...  (0)


where  h is  the  volume  of the  molecules.


2.  The  van der  Waals  equation


3.  The  Berthelot  equation


P  _   R


T  v^b


P ^   R
 f   i;—6


a


a
 T V ’


(10)


...  (11)


whore  the  constants a  and  h  are  different  from  those  in  the  *vau  der 
aquation.
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4.  The  Beattie-Bridgejxian  equation
 P


T


175


. . .   (12)


2.  The s-Spacb


Wa  shall  roduco  inaquality  (8)  into  a  simpler  inequality  from  which  we 
 shall  deduce  mathematical  func^tiojLS  uhich  satisfy  (8).  Inequality  (8)  holds 
 for  any  irreversible  process  and  in  particular  it  holds  for  the  iljreversible  process 
 w here  --  and  for  tlu^  irreversible  procc^ss  w here  —  ?/o. ^^lierefore,  eq. (8) 
 can  be  relaxed  into  two  simpler  im^qualities  which  are  thormofl3mamically  quite 
 possible


v^)  >   v^)  |-/av(?/2,  Vj),  ^  ...  (13u)
 avi  l  bi\^)  >   as(uy^,  ?’2).  ...  (136)
 simplify  not-ati^ui,  eacli  one  of  the  inec|ualities  (13)  can  bo  written  as


•^(ax-\bif)  >   a^{x)^bs(ij)..  ...  (14)
 wliore s is considered  as  a  function  o f  one  vaI'ial)lf^  since  the  other  variable 
 remains  unchanged  in  each  o f  inequalities  (13).  Let  all  the  mathematical 


binctions  tiiat  satisfy  t^q.  (14)  form  a  set  denoted  by  .s-space.


3.  So m e  Us e f u l  Th e o r e m s


Thmrem  1.  Tlie  functions  hi(at)  and  — l/.r  an^  in  s-spatn^.


Proof :  It  is  roq u ii^   to  prove  the  following  inequality
 ln(aa;+6y)  ^   a ln(a:)+6 ln(?y)  ==  ln(oK*/y*), 


a x + b y   >   x»yf>,
 or


lor  positive  values  of  x,  y,  a,  and  b  such  that  a + b   ™  1.  Dividing  the  last  in


equality  by  y  and  putting  f  =   x/y,  we  get


L|-a(^—1)  > / « ,   t 0 (15)


which is  to  be  proved. I f x-~y,  that  is.  if ^  l,  then  the equality  sign in  eq.  (15) 
 imlds.  Conversely,  if the  equality sign holds for  all  values  of a  betwwn 0  and  1, 
 it  holds  for  a  =   J,  giving  t  =   1.  Hence,  the  equality  sign  holds  if  and  only  if 
 r  -  y.  Let  f{t)  =   /«;  then  f ( t )   —  at^~^  =   ajt^  is  a  decreasing  function  of  t.  If 


^ >   1,  then  the  mean-value  theorem  gives


K t ^ < t
I  <  (< -!)/'(!)  =  (< -!)«.
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Therefore  /(/)  <   1 If  0 < / < l ,   that  is,  if  x < y ,   then  we  put 
 i  —  yjx >   1  and  repeat  t lw'  same  proof  again  lor  /  >   1.


For  the  function  -1 /x ,  it  is  required  to  prove
 ' >   -   “


(tx + h?/  r V (16)


By  jiutiiu^  b  l —r/,  /  uoling  1-  usin^  some  algohvaici  inaui-
 pulatioiis, tliis  iiuujuality  nvliioes  to  an  obvious  inoquality  :  ( /— TJio 
 (Kjuality  sign  liolds  and  if and only  ii .r -  //.


In  a  similar  maniioi,  tiie  following  thooroms  .-an  also  bo  pj-ovod.


Theorem 2.  Ff/(.r)  an<l  «7(.r)  am  in  s*>spaco,  and  r  is  a  positives  constant,  then 
 tho  following  funidions  aro  al>so  in  s-spac(y


1.  f ( ^ ) V g { ^ r ) . 2.  r/(.r),  3,  j\ x ) -\   r.  4.  f { x )   Vru\  5.  /(c.r),  6.  f ( ; x   \  e )


or  f ( x —e)  for  Mio  range  x —c  <   0.


Theorem  3.  Ti‘ /(a-)  is  in  -v-spaoi^  ilion  /( /! ( / / , ? ’))  satisfi(»s  im^qnality  (8), 
 wliero


d(?/,  ?>)  -   u v f


Moreover,  tJie  following  gonoral  function  satisfies (S) 


n(//,  r)  ^  r)-|  X  r*  In  t ') - -  w


(17)


(IS)
 whore  Ai(n,  v)  =r  n^.u f   Bt(u,  v)  ^  uv-\  b^iu  Vb.^iV  Ci  and  hf
 are  posit iv<^  and  vliore  the equality  sign  holds  if and  only  if  if2 ^’1  “  ^ 2*


3.  Equations of  State


The  fundamental  equation  of  a  system  is  an  equation  that  gives  .v  in  terms 
 of  u  and  t\  PVom  the  fundamental  equation,  all  the  jiroperties  of  the  system 
 can  be deduced,  and  in  particular,  the  equation  of  state  can  be  deduced.  Eq.


(18)  is  a  fundamental  ecpiation;  moreover,  tho  entropy  function  defined  by  eep 
 (18) contains the important  physical property that it obeys the principle o f entropy 
 increase.  This  physical  propt^rty  requires  stringent/  mathematical  requireements 
 which  limit  the  possible  functions  to  be  used.  The  possible  functions  to  bo  used 
 are very limited, so that it seems that tlie principle of entropy  increase  determiiioB 
 much  of  the  properties  of systems.  By giving  the conHtaris in eq.  (18)  certain 
 values  we shall find  that  the ideal gas (equation  is the  only equation o f state,  from 
 among the  commonly used equations  of state,  which  obeys  tho  entropy  principle. 


The  other equations of state  listed in  tlie  intrixiuction,  either  djo  not  obey  the 
entropy  principle  or  caimot  have  a  fundamental  equation  to  begin  with.
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 If we  put  all constants in equation (18)  equal  to  zero except  =   Cf,,  a^x  =   1,
 Cg  —  J?,  a. by  wo  got 


s(Uy v)  ^   Cp In u-\~R In (v—h).


It  can  be  sliown  that  (Gallon  1960)


ds
 P



’ 
 =   : T

T  \dufv


Thox'oforo,  wo  got  froni  oq.  (19)  and  (20)


U  C'fjJ-  I p


f


C ) . -


R
 V—h


(19)


(20)


This  shows  that  equation (19)  is  the  fundamental  equation  for  an  ideal  gas,  since 
 it loads to  the  correct (equation  of  state.  On(^  can  deduce  the  fundarnoiital  eq. 


from  the  equation  of state  if the  partial  derivatives  (20)  satisfy  the  condition  for 
 an  t?xac?t  differential  equation.  f]qs.  (11)  and  (12)  do  not  have  a  fundamental 
 equation.  fundanu^ntal  equation  of  the  van  dor  Waals  gas  is


?^)  —  R hi(r—6) +  ri;ln(«?M  «) —^’rhi (21)


wliich  can  be  obtaiiunl  from  oq.  (18)  except  for  the  last  term  which  contains a 
 negiitive  coefKciont.  The  negative  coefHcic^nt  impliex  that  the term does  not  obey 
 the  entropy  princijjle.  and  therefoni  tJu‘  function  s*  in  oq.  (21)  does  not  obey 
 always  the  entropy  principle.


4.  A Pr o p o s e d  Eq u a t i o n o f  St a t e


We  proposes  an  equation  o f  statue  which  is  deduced  from  a  physucal  model 
 Jiaving  the  fundamental  equation


*-(u, v)  —  c ln('w -  w„) ^ R  lu(^?— b)~ B2  __


U—Un (u -u „)(v -b ^ ) (22)


This  model  has  the  following  advantages  and  properties.


1.  The  entropy  function  obeys  the  principle  of  entj opy  increase.  A  cons


tant may  be  added  to n  in  order  to  adjust  its  absolute  value;  however,  this  cons


tant  does  not  appear  in  subsequent  equations.


2.  The  constant  allows  for  the  energy  in  the  ground  state  (at  T  0). 


It  does  not  appear  in  the  equation  of state  P{T, v),  but  it  will  appear  in  the  ex


pression  for  u{Ty v).  The heat  capacity  will  be  deduced  later  from  the  expn>s- 
 sion  for  u.  Tht^  constant  c  is  actually  the  ideal  gas  heat  capacity.


3.  &x  allows  for  the  volume  of  the  molecules  at  high  (ideal  gas)  tempera


tures; 62  allows  for  the  volume  o f the  molecules  at  lower  temperatures  since  the
11
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last  term  is important  at  low  energies.  The  arbitrary  constants  will  be  adjusted 
 to  fit  the  experimental  data.


4.  The  first  two  terjns  are  those  ol‘  the  ideal  gas.  The  last  thiw  terms 
 are  included  to  indicate  that  the  entropy  must  decrease  faster  than  the  ideal 
 gas when  T dc^creases.  The  ideal gas does  not  approximate  the real  gas  at  lower 
 T since its entropy does not decrease enough so that the gas condenses or solidifies.


T).  The terms of  and  may not be  very important and  can be  neglected 
 to  lesson  the  number  of arbitrary  constants.  HowtHor,  they  do  not  complicate 
 the  resuiling  ecpiation  of state,  and  we  shall  keep  them  in  the  solution;  they  can 
 bo  m^glected  from  the  equation  of state  ii*  the  need  arises.


i^Vom  eq.  (20),  we  got 


1  r A


T  u-un  {u -U o f(v -b i)’


from  which  n  fias  two roots


(23)


(24)
 The  positive  root  is  taken.  1’ho  heat  capacity  for  this  model  can  ho  deduced 
 from  eq.  (24)  by  using  (>  -  {0vld7\.  The  oq.  of  state  is


r


f —hi  (v -b ^ f  (u-Uii)(v—bzf' (26)


whore  either  root  of m— may  t)e  substituted  in  the  denominator  of  the  last 
 term,  since either root  lotuls  to a fundamental  equation which  obeys  the  entropy 
 principle.


If only two aibitrary constants are kept in oq.  (25),  then it  becomes


P  ^   R  _   2a


f   v-~ h   [{r^ f^   L 4 a T j v ) i ~ c T y  ‘ (26)


This  equation has some similaiity to t}xo equations of state  listed in  the introduc- 
 lion.
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