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Study  of  longitudinal  oscillations  in  unbounded  plasma


P,  N. Kh o s a a n p R.  N. 8 :n o i i


Applied  Pht/mr-H  Section,  InMitute  of  Technologi/,  Banams  Hindu  University,


V a r a m i s i - t i


{Bfceiocil 4 l>crember  1972)


Tho  porturbatioufs  in  unlxMindcd  plasma  rosidt  into  longitudinal 
 plasnia  oscillations.  Various  ap])roxiniations  rosult  into  difforont 
 modes  o f  oscillations  and  their  frequenciens  are  lound  to  cover  a  wide 
 range.  TJie  effect  o f  bulk  motion  in  the  unbounded  plasma  lias 
 been  studied.  The  cliangt^  in  tho  dispejsion  propertie.s  o f  (dectron 
 plasma,  ion  plasma  and  ion-acoiistie  wavers  have  been  computed.


The  role  o f  various  plasma  modes  has  Ix'en  outlined  and  physical 
 implications  hav(^>  l)oen  discussed.


Indian  J.  Phye. 48, 1 0 4 -1 1 4   (1974)


1.  Introduction


The  small  amplitude  disturbanc<\s  arc  known  to  (ixcito  longitudinal  oscillations 
 in  cold  and  collisionloss  plasma.  The  finite  collision  froqmuicy.  pressure  gradient 
 and  bulk  motion  control  the  dispersion  characteristics  of  tlu^  plasma.  Tn  the 
 absence  of  external  magnetic  field,  the  Lorontzian  plasma  oscillates  with  a  fre


quency  very  close  to  tho  plasma  freqiumcy  of  tJio  (doctron  component.  Using 
 the  equation  of  states  tho  equation  of  continuity  and  tho  (wpialion  o f  motion 
 together  with  the  Maxwell's  field  equations  wo  have  derived  dispersion  relations 
 for  various mode.s  of plasma  oscillations.  The  role  of  hulk  motion  o f plasma  has 
 been  studied.  Bulk  motioji  of  plasma  is  found  to  changci  thc^  dispersion  pro


perties  of  the  medium  for  different  modes  of  plasma  oscillations.  The  astro- 
 physical  and  laboratory  plasma  are  typical  of inliomogoncous  and  w^arm  plasma 
 for  w^hich  bulk  motion  is  finite.  The  implication  f)f  th(^so  results  in  the  inter


pretation  of  laboratory  m(iasuromcnts  and  astrophysical  observations  have  b^en 
 discussed.


2.  Plasma with  Finite  Bulk  Motion


In  a  plasma  in  tliermal  equilibrium  there  is  no  bulk  motion  and  tho  charged 
 particle  displacement  is  mainly  governed  by  tho  variations  in  tho  w^ave  field. 


In  a  plasma in  thermal  non-equilibrium  theic  is  a  finilo  bulk  motion  which  tends 
 to  relax  the  plasma  to  tho  Maxwtdlian  velocity  distribution.  The  direction  of 
 the  bulk motion is opposite to  tho direction  of pressure  gi’adiont and always tends 
 to  destroy  the  pressure gradient  or  any  other  spatial  inhomogeneity.  In  certain 
 cases the  displacement  during  one  oscillation  of  the  charge  could  be  comparable
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 with  the  wavelength.  In  such  frequency region  the  displacement  due  to  plasma 
 bulk  motion  is  of interest  since  the  phase  velocity  of electron  oscillations  is  com


parable  with  the  velocity  of  charged  particles.  The  average  plasma  motion 
 arising from  thermal non-equilibrium  or certain spatial  inliomogeneity is generally 
 assumed  to  bo  independent  of  field  parameters.  A   charged  particle  originally 
 at  a  position Zq  moves  and  occupies  a  new  position.  After  certain  time  the  new 
 position  o f  the  charged  particle  is  written  as


2:  = (1)


Owing  to  this  motifwi,  th<5  phase  term  of the  v^avc  changes  and; after  a  time  t  the 
 phase  term  of the  wave  can  be  written  as


k z --w f  ^  kzQ-\-{k.Ui)— co)t. (
2
)

Wo  find  from  cq.  (2)  that  tlie  phase  term  of the  wave and hence the force  acting 
 on  the  charged  particles  could  become  independent  of  lime.  Tliis  condition  is 
 oa/Sily  obtained  by  equating  the  second  term  on  the  right  hand  side  of  eq.  (2) 
 to  zero.  We  find


a}jk  =   Uq cos 6, (3)


where  0  is  the  angle  betweiui  the  wave  vector  and  the  direction  of  Imlk  plasma 
 motion.  This  is  known  as  Cherenkov  resonance  condition.  For  ^  —  0  the 
 phase  velocity  of  the  wave  equals  the  bulk  plasma  velocity.  During  such  re


sonance  process  the  longitudinal  waves  lose  a  part  o f  their  energy  to  resonating 
 electrons  and  the  waves  are damped  out.  This  is  in  fact  the  philosophy  of  colli


sion-less  damping  and  could  be  very  efficient  source  for  the  damping  of  waves 
 in  certain  frequency  range.  The  pliase  velocity  of transverse  waves  in  a  plasma 
 free  from  external  magnetic  field  is  lai'gt^r  than  the  velocity  of  light,  therefore, 
 such  resonances  are  not  poxssiblo.  Howwer,  in  magnetoplasma  transverse  waves 
 satisfy  the  Cherenkov  condition  and  are  amplified  or  damped  in  propagating 
 through  the  magnetoplasma  (Bell  &  Buneman  1964,  Wang  1969).


3.  Theoretical  Details


The  equations  o f  motion  of  electron-  and  ion-component  o f  a  free  plasma 
 in  response  to  certain  field  perturbations  can  be  written  as


at  meti  J)/0^i,ine,i  ^ (4)


where  1  and  suffix  c, i  refers  to  elootrons  and  ions  respectively.  In
the  absence  of  collisions  leading  to  recombination  or  ionization  we  can  write
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pon«nt  plasma  as
 106


dt


(5)


of <ho  resulting  oscillations  we  nistiicl’  o\astlvos 
 In  order  to  study  linear  nature  cf  temporal  variations
 to  small signal  theory  am  assum ^   ^  ^ represent,  rospectivoly,
 (,fth e fo rm e x p j(e > < -M --  ^   propagating disturbance.


f r o „ «   
1 1


The  disturbances  abidcf  by  tin  t  •  o  1
 Ve t  --  Uo +  Ve>i’


B Bo (b)


and


Pe,t  ^  :Poe>o<-+i>e.j. 


Ne,i  —  iV(,+W«,(


„ . . i ,   M t « .  d o „o ,.  ,1,..  p « -t ,a w i.™


. „ d « « .   tk.   
. u   -


magnitude  of the y)aramot(.j,.  nurameters  as  a  result



r r


following  equation


(if


...  (7)


From  oq.  (5)  and  (7) wo  got


and


where


iie,i  =   N J c V e .il{< u -k u „ )


_y  eftPoe<otk^*>tt
 (w—fcWo)
 VotiPot  —  ■^0^7  ,


K   beir^  the  Boltzmann  constant.  From  eq.  (9)  wo  can  write
 jye,lh\K T e,t^t,t
 y p e .t^   (w-fcuo)  ■


...  («)


...  (9) 


. ..   (
10
)

. . .   ( U )


The dispersion relation for  acoustic  waves propagating through  a  plasma j b inde


pendent  of  the  presence  of  longitudinal  magnetic  field.  Taking  the  Static
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 magnetic  field  Bo  zero  and lining  eq.  (11)  wo rewrite  oq.  (4) for the electron
 and  ion  components  of  the  plasma  as


and


whore


-kun ,  — j Ve+,l<*^^eiVi  = me


L  (u~k v„  r>n J  w<


Wc  me


Ui^ 7ikTj  t


We
 m^eVet


mi


...  (
12
)

(111)


...  (14)


Wo  will  consider  the  plasma  1o  he  in  a  state  of  tliorinal  non-(‘qiiilihrinm  with
 Of  <  <   0,.


4.  Klectron  I ^asma  Oscillations


1"ho  analysis  of  eq.  (12)  and  (13)  results  into  electron  and  ion  plasma 
 oscillatiojis.  The  (electron oscillations arising in response to external perturbations 
 are  fa.st  as  compan^l  to  the  ion  oscillations.  TIut^Toh',  in  this  section  we  con


sider  the  ions  to  he  inunohile  Putting  Vt  0  \\o  nnuile  <^q.  (13)  as


Ve j(^9E


mef  /   ,  Ue^ic^ct) .  1 ’


...  (15)


Tlio  cnirroni  doiwity  in  tiio  piasjna  due  to  motion  of oloetrons  can  bo  written  as


/ W ,   I  t U —   •,  — J 0 )V U \


L  O) —


...  (16)


Tho  complex  conductivity  of the  plasma  is  obtained  from  the  generalized  Ohm’s 
 law  (eq,  16).


<T = jwN„g*_  _   _


\  r


m.,  - _ ^ - 3 w v u ^


...  (17)



(5)TUt»  conductivity  oi'  Ihe  plasma  dotorminos  (lio  rosponao  o f  plasma  to  the  elec


tromagnetic  field  and  thus  describes  the  micioscopic  features  o f  wave-particle 
 interaction.  TJio  conductivity  of  the  plasma  liirns  out  often  to  bo  purely  ima


ginary,  therefore,  it  is  more  convenient  t^>  use  an  equivalent  dielectric  constant. 


The  relation  between  complex  conductivity  and  dielectric  constant,  consistent 
 with  Maxwell’s  field  equations  in  writfc^n  as
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/  + ...  (18)


where  1  is  in  general  a  unit  matrix.  8ubstituting  for  cr  from  cq.  (17)  wo  rewrite 
 eq  (18)  as


r   ;   .  .  *]’ (19)


where  i*^  the electron  plasma  frequency.  Tlio dispersion  relation
 for  longitudinal  waves  in  plasma  is  obtaincxl  hy  sotting  tup  (19)  equal  to  zero. 


The  dispersion  relation  after  some  simplification  can  bo  wTitton  as


ej'


^ f   j ___   _   j ^ e i  1   r   I ___ ^ " ^ ^ 0   1   ^ 2 0 )


L  to'*-’  oj  J  L  J


Putting  f/„  —  0  wo  can  write  equation  (20)  as


OJ^ CO*-u>


JVei


O J ...  (21)


From eq.  (21)  we  find  tjiat  in  the  ah.sence  of  plasma  hulk motion  the  electron 
 longitudinal  waves  piopagate  at  froqiuwuoa  ahovt^  Iht^  electron  plasma  frequency 
 and  are  heavily  damped  for  frequencies  below  wp^.  The  phase  velocity  for 
 OJ  > >   ojpe  approaches  Ug,  the  electron  >sound  speed  [  —  Vi(OgmilOiine)^.  Ignor


ing  the  effect  of  colli>sions  edp  (21)  reduces  to  a  more  familiar  form  and  is 
 written  as


=   a>2)e^  VVp^lc^. . . .   (22)
 In the  limit  of  cold  plasma  Vg  0  and  w  =   onpg  which  gives  the  classical 
 plasma  frequency  first  given  by Tonks  &  Langmuir  (1929).  The  oscillations  at 


€o  =   ojpg are due  to electric  force  producetl  by  the  process  o f  charge  separation. 


The second term in oq, (22) arises  due  to  finite  hydrodynamic  pressure  o f  warm 
 plasma.  In  terms  of  the  Debye  sliielding  distance  =   kTe/meWpe^  eq. (22) 
 can  bo rewritten  as


...  (23a)
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 Eq,  (23a)  shows  that  wjwpe  increasos  as  the  plasma  temperature  increases.  The 
 specific  heat  ratio,  y,,  appearing  in  equation  (23a)  cannot  bo  determined  by  the 
 macroscopic  theory.  More  rigorous  kinetic  theory  approatOi  to plasma  waves 
 gives  a  value  of 3  for  y*  so  that  eq.  (23a)  can  be  written  as


o>2  =   wp,2[l+3PA^*J. (23b)


fn  response  to ext«‘rnal  pertimbations  ther«^  is differential  motion o f  plasma  com


ponents  and  the  neutrality  o f  the  plasma  is  locally  violattxi.  This  results  into 
 spatial  distribution  o f  charge  in  the  plasma.  From  Maxwell’*  first  equation 
 we  can  write


V £ 7 [Ml—n*]. ...  (24)


With  the  help  o f oq.  (8)  we  can  rewrite  eq.  (24)  as
 q^aiVe—Vi)


.ye,i(co  ^ o ) ...  (25)


{^imbining  eq.  (20)  with  eq.  (12)  and  (25)  and  ignoring  collisions  we  obtain  the 
 following  expression  for  the ratio  of ion and eletdron spetuls in the case of electron 
 longitudinal  waves  propagating  through  a  plasma  with  finite  bulk  motion.


\ V t \


\ i e \


U„k ...  (2(5)


Kq.  (2(5)  shows  that  »<  < <   r*  for  (7„  <  ( ■<,  so  that for  plasma  bulk  motion 
 less  than  or  of  the  order  of  ion  soiind  spt^ed.  the  organized  motion  of ions  can  bo 
 neglected  as  compared  to  that  of  electrons.


5.  Ion  Plasma  Oscillations


In  the  case  of  ion  plasma  oscillations  with  frequencies  much  above  the  ion 
 plasma  frequency  the  electrons  do  not  participate  in  the  organized  motion  but 
 move  with  random  thermal  velocities  so  that  i><  > >   fj«-  'I’he  electron  thermal 


sIkshI  for  ion  plasma  oscillations  is  very  large  as  compared  to  that  of  the  ions 
 so  that  the  electrons  do  not  feel  the  ion  oscillations.  Putting  =   0  we  obtain 
 from  eq.  (13)


Vi  — -jb>qE


(t) cabu^- jcame 


iuJeu^  nu Vti
 ]■


...  (27)
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With  the  help  of  oq.  (27)  the  oum'-nt  dcmKity  arising  from  the  motion  of  ions 
 can  bo  written  as


■  r  „  ,  ui^k^oi  jtam.  I


nq[ o, — J


(28)


Using  oq.  (18)  and  (28)  and following the procedure similar  to the  one  followwl 
 in  the previous section,  we  obtain  the dispersioji  ndat-ion  for  ion  plasma  oscilla- 
 tion  whic]i  is written  as


r ,  Aw„  cupi* _ .  »” «>'«< 1 r 1 _   1  (29)


Putting  Vo —  0,  we  get


_  .We Vfi


®  ^ mi  0) ...  (30)


Eq.  (30)  ia  a  well  known  diaporaion  relation  for  ion  plasma  oscillationa.


Wo have taken  r e ' -  0 in tiio derivation oroq.  (30).  The effc^ct of finite  Ve  if^ 


to  change  the  <li,sp('r>sion  properties  of ion  plasma  oscillations.  From  oq.  (29), 
 (25)  and  (12)  wo  obtain,  after  ignoring  collisions


...  (31)
 For  0 f > >   Oi  and  considering  the  bulk  velocity  (Jn  to  be  inudi  loss  than  the 
 phase  velocity  of  the  ion  plasjna  oscillations  \ac  can  rewrite  (»q.  (31)  for  fn^- 
 qnencies  much  above  tlio  ion  plasma  fro(|uoncy  as


\Vi\ c«2  d.


OJpi ^ « /i _   V


7?<\  V   / >> 1. ..  (32)
 Thus under those conditions we  can  ignore  the  organized  motion  of the  electrons 
 in  discussing  the  propagation  characleri.stie8  of  ion  plasma  oscillations.


6.  Ton  Acoustic  Waver


In the case of plasma oscillations  below the ion  plasma  frequency the  entire 
 plasma  (with  both  the  components)  oscillates  with  a  single  frequency.  Such 
 oscillations  where  whole  medium  behaves  like  a  single  fluid  are  known  as 
 acoustic  oscillations.  Combining eq.  (12),  (13)  and  (25),  wo  obtain the  disper


sion relation  which  can  be  written  as



(8)^ tvd y  o f longitudinal  oscillations  etc. H I


■  I


J —   coUei +


*'  nii


U e^k ^


— j w P e i


<ope^


j i o P e i  +


tOpe^


to to CO


w p r


—  c o k ii^ -


U t V .io M c V e i
 M i


CO pi** 


l - _ ^ >


Oi OJ CO


^ 0. ...  (:^3)


In  order  to  Htudy  propagation  oharacUeristics  of  ion  acousii<>  waves  for  fjo- 
 quencies  below  the  ion  plasma  frecpienoy  we  ignore  collisions.  Th<»  dispt^rsion 
 relation  after  some  simplification  can  be  expressed  as


\  ct>  /  Me  L  CO  j


w^nie  L  0{W^  ]  “ '  • ...  (34)


wliwc  terms  of order  »?«/»)<  Jiave^beciirnojflected  as  compai'ed  to  one.  Eq.  (34) 
 for  froqiioncios  much  1)elo\v  the  ion  plasma  freqimnoy  and  for  le.ss  tjiaii  the 
 phase  vehxiity  of  the  wave  can  be  written  us


Jhitting  U^^  0  equation  (35)  reduces  to  kHIciuy^  (hl^e-  The  pliaso velocity
 of  the  ion  acoustic^  waves  in  this  frequency  range  and  for  zero  bulk  motion  can 
 hi)  written  as


{yiTi+y,Te)\  \ ...  (36)


7.  Description op  Curves


In  the  limit  of  zero  oolliaions,  using  oq.  (29)  we  have studi<Mi  the  varia


tion  of  the  phase  velocity  of  ion  plasma  oscillations  with  increasing  values  of 
((ojeopi)  (figure  1).  We  find  that  the  phase  velocity  decreases  with  an  increase 
in  the  frequency  above  the  plasma  frequency.  The  decrement  is  rapid  upto 
(iijeopi ^  4.  For  still  higher  values  o f <o  the  decrement  in  phase  velocity is  less 
pronounced  and  finally  for  higher  frequencies  the  phase  velocity  tends  to  be 
constant  indicating  that in  the  high  frequency range  there  is  no  dispersion.  The 
curve corresponding  to zero bulk motion (Uq  :=  0) is identical  with  the  theoretical
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findings  of  Sesaler  (1968).  We  have  also  studied  the  variation  in  the  phase 
 velocity  of the  ion  plasma  oscillations  for  different  chosen  values  of  the  plasma 
 bulk  motion  (figure  2).  Th(^  phase  v^olocity  of these  waves  is  found  to  increase 
 as Uq increases.  The rate of increase is more for smaller values of the  bulk  motion 
 than  for  larger  values.  This  probably is  due  to  the  fact  that  as  approaches 
 the  value m  the  assumption  of  — 0  gradually  breaks  dovii.


E(j. (20)  can  be  used  for  studying  the  dependence  of  the^  phase  velocity 
 of  electron  longitudinal  oscillations  on  tlu^  frequency  and  plasma  bulk  motion. 


However,  the easential features of the variations are exactly the  same as depicted 
 in  figures  1  and  2.  Figure  3  depicts  the  variation  of  the  phases  velocity  of ion 
 acoustic waves w ith Uq  for different  values of  We  find  tluit  for  a particular
 ratio  of  the  electron  and  ion  temperature  the  phase  vc^locuty  inc.reases  more  or 
 less  linearly  with  increase  in  plasma  bulk  motion.  Further,  coiTesponding  to 
 small  value  of electron  and  ion  temperature  ratio  there  is  a  more  rapid  increases 
 in  the  phase  velocity  with  than  for  larger  values  of  (figxue  4).


Fig.  1.  Variation of the pha.se velocity of ion  plasma oscillation.s, [{itijvpftase}].  with {w/wpi) 


for different values of («o/wd


Fig. 2.  Variation of the phase velocity of ion plasma oscillations,  with («o/«i)
for different  values  of (w/o>p<).
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for  difforent  values  of OjO,.


8.  Summary and  Conclusion



Th«»  mod*  TO  0 , 0 - m


plasmas.  The  electron  oscillations a ie  '  -  scatter  from
 .m i  TO  not  ,tU . ^   “   ‘X c l t t T i , — »iio 


plasma  inhomogeneities  and  get  ooi  ■ electromagnetic  mode  and
times  plasma  oscillations  also  orosa-mo  radiation  of  electro-
pntm tio..  m  "■ “ ‘ " “ “ '■ “ “ V X   E r « .   boHovod  to  U ,  produo«l
magnetic  waves  from  various  ypos  foatures of solar bursts are explained
l.ytWsmochanism.  The dynamical spectraHcatn  ^^^.u^^ions  and  inter-
in  terms  of  wave-particlo  interne  ions.  „lowlv  varying  features  in  tho
action  of  this  mode  with  plasma  brings  m  the  slowly  vary  ig
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(iynajiiical  spectra  of  the  solar  hiirsts.  In  tlio  terrestrial  plasma  those  oscilla


tions  are used  to explain the  ELF (extra  low Irequcmcy  waves)  and  geomagnetic 
 micropukations.  The  ion-acoustic  waves  are  boliev(sd  to  be  excited  by  the 
 mechanical  photospheric  disturbances.  The  dissipation  of  ion  acoustic  waves 
 is known  to result  in  the heating  of solar corona.  The dispersion  characteristics 
 of these  longitudinal modes are  very helpful in the interpretation of  astrophysical 
 and  laboratory  honomonc.
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